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SKETCHES AND SPECIFICATIONS — REFERENCE MANUAL

SKETCHES AND SPECIFICATIONS is a common denomination for several papers which
deal with applications of Ehresmann’s sketch theory to computer science. These papers can be
considered as the first steps towards a unified theory for software engineering. However, their
alm is not to advocate a unification of computer languages; they are designed to build a frame
for the study of notions which arise from several areas in computer science.

These papers are arranged in two complementary families:
REFERENCE MANUAL and USER’S GUIDE.

The reference manual provides general definitions and results, with comprehensive proofs. On
the other hand, the user’s guide places emphasis on motivations and gives a detailed description
of several examples. These two families, though complementary, can be read independently. No
prerequisite is assumed; however, it can prove helpful to be familiar either with specification
techniques in computer science or with category theory in mathematics.

These papers are under development, they are, or will be, available at:
http://www.unilim.fr/laco/rapports.
REFERENCE MANUAL:

First Part: Compositive Graphs
Second Part: Projective Sketches
Third Part: Models

USER’S GUIDE:

First Part: Wefts for Explicit Specification
Second Part: Mosaics for Implicit Specification

Third Part: Functional and Imperative Programs

In addition, further papers about APPLICATIONS are in progress, with several co-authors.
They deal with various topics, including the notion of state in computer science [etat], overload-
ing, coercions and subsorts.

These articles owe a great deal to the working group sketches and computer algebra; we
would like to thank its participants, specially Catherine Oriat and Jean-Claude Reynaud, as
well as the CNRS.

These papers have been processed with KTEX and Xy-pic.

First Part: Compositive Graphs

This paper is the first part of this reference manual [ref]. The aim of this first part is to
introduce the compositive graphs, which will be used in [ref2] in order to define the projective
sketches. This paper includes a detailed study of various tensor products and enrichments of
compositive graphs and the description of the category freely generated by a given compositive
graph. No prerequisite is assumed to read it.
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1 Introduction

In a family of papers [guidel,guide2,guide3], we put forward the use of wefts and mosaics for
describing, studying, handling and building specifications. Indeed, we first show that the terms of
a weft yield a relevant representation of the programs, in the frame of functional programming
languages. Then (and this is the most interesting part), thanks to mosaics, we extend this
to imperative programming and various implicit features (side-effects, errors treatment, state
management,. . . ), which do not fit easily into earlier algebraic specification paradigms.

Although it may prove helpful, for reading the family of papers [guidel,guide2,guide3], to
have some acquaintance with algebraic specifications (see for instance [Goguen et al. 78] or
[Astesiano et al. 99]) and category theory (see for instance [Mac Lane 71]), no prerequisite is
assumed. Indeed, in our papers, we proceed carefully from examples to general definitions and
results.

On the other hand, we believe that this family of papers, which forms the “user’s guide” for
our point of view on specifications, has to come with another family of papers, which forms the
corresponding “reference manual”. The aim of the reference manual is to give a purely formal
presentation, with the optimal level of generality, of “all” the definitions, methods and results
which are necessary for building a rigorous basis for the user’s guide.

Compositive graphs were first introduced in [Ehresmann 65], where they were called “mul-
tiplicative graphs”, and were somewhat more particuliar than here. For our purpose, they are
mainly the supports of projective sketches (we will see in [ref2] that a projective sketch is a
compositive graph with “distinguished projective cones”, and, in [ref3], that projective sketches
have models; such models, in turn, are the supports of the wefts).

Formally (§ 2), compositive graphs are structures which are weaker than categories. Like
a category, a compositive graph is made up of objects (which we call points) and arrows, but
two consecutive arrows need not be composable. For instance, a directed graph is a compositive
graph where nothing is composable, whereas a category is a compositive graph where everything
(if consecutive) is composable.

As in the special case of categories, the functors between compositive graphs are exactly the
homomorphisms between these structures, while the natural transformations between functors
(from a compositive graph towards another) are comparisons between these functors: these
comparisons are stated thanks to commutative diagrams, however it is necessary to stipulate,
first, that the consecutive vertices of these diagrams are composable.

Compositive graphs with a given size are defined with respect to a universe, i.e. a set of sets
which is stable for the “usual” operations on sets (in this way we avoid the paradox of “the set
of all sets”). Then we have (§ 3 and § 4) the tensor system (which could have been presented in
terms of bicategories) and the enriched system of compositive graphs with this size. This means
that there are:

e a category such that its points are the compositive graphs with this size and its arrows are
the functors between these compositive graphs;

e a system of three tensor products of compositive graphs: the first one is called the hollow
tensor product, the second one is called the full tensor product, and the third one is the
cartesian product;

e a system of enrichments of this category, i.e. a structure over its arrows (or “Hom’s”);
indeed the set of functors from a compositive graph towards another one (both with the
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right size) is a third compositive graph (with the same size): it is called the exponentiation
of the second by the first, and its arrows are the natural transformations between these
functors;

e and enriched compositions, which work on various tensor products of these “enriched
Hom’s”.

In this way, we get the complete structure of the various actual composition modes. These
composition modes include the composition of two functors of course, but also the composition
of a functor and a natural transformation, and the composition of two natural transformations.
In addition, their values can be either in compositive graphs, in categories, or in directed graphs.

With such a detailed description of these “systems”, the forthcoming constructions (of “in-
ductive lax-limits”) are fully legitimated.

The image of a functor from a category to another is a compositive graph which is not, in
general, a category. However, when it is “saturated by composition”, it generates a subcategory
of the codomain category of this functor. In a more structural way, we consider (§ 5) the
paths (i.e. the families), of consecutive arrows in a compositive graph, and their equivalence
classes modulo the potential equalities of composed arrows; this does always “freely” generate
a category.

So, a compositive graph can be considered as the presentation of a category by generators
and relations: the generators are the arrows of the compositive graph, and the relations are the
equations which result from the partial composition of these arrows.

This family of papers is a reference manual. For this reason, motivations and examples will
not be found here: they are in our user’s guide. For this reason too, it is essentially self-contained;
it can be read with only some familiarity with the common use of category theory.
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2 Compositive graphs, functors and natural transformations

2.1 Compositive graphs

2.1.a. A compositive graph G is made up of:

a set of points Pt(G),

a set of arrows Ar(G),

a set of identity arrows IdAr(G) C Ar(G),

a set of composable pairs (of arrows) CompP(G) C Ar(G) x Ar(G),

a selection of domains map seldom(G) : Ar(G) — Pt(G)
(for all arrow g of G, we may write seldom(G)(g) =dom(g) ),

a selection of codomains map selcodom(G) : Ar(G) — Pt(G)
(for all arrow g of G, we may write selcodom(G)(g)=codom(g) ),

e a composition map comp(G) : CompP(G) — Ar(G)
(for all composable pair (g1, g2) of G, we may write comp(G) (g1, g2) =¢g2+91 ; in some cases,

another composition symbol, more usual than “.”, can be used),

with the following properties:
e for all identity arrow g of G:
dom(g) = codom(g) ,

so that there is a selection of points map (for the identity arrows):

selpt(G) : IdAr(G) — Pt(G)

IdAr(G) g4>Ar(g) Sl Pt(G)

IdAr(g) C Ar(g) selcodom(G)

Pt(G)
(for all identity arrow g of G, we may write selpt(G)(g)=pt(9) ),
e for all composable pair (g1, g2) of G:
codom(g;) = dom(gs),
dom(g2.91) = dom(g1),
codom(g2.91) = codom(ga) .
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Then, if G; and Gy are two points of G and if g is an arrow of G such that dom(¢g) =G and
codom(g) =Go, we write g : G1 —¢g G, or simply g : G — Ga.

More precisely, if G is a point of G and if ¢ is an identity arrow of G such that pt(g) =G, we
write g : G1 =g Go, or simply g : G1 = Ga.

If G1 and G4 are two points of G, we write:

Homg(Gl, Gg) = Q(Gl, Gg) = {g € Ar(g) ‘ g:G1— Gg} .
Finally, the set of pairs of consecutive arrows of G is:
ConsP(G) = {(g1,92) € Ar(G) x Ar(G) | codom(g1) = dom(g2)} ,

so that CompP(G) C ConsP(G) .

2.1.b. Let G be a compositive graph. As for categories, the dual compositive graph of G:
g
is the obviously obtained compositive graph such that:
e Pt(GP) =Pt(G),
e AT(G°P) = Ar(G),
e IdAr(G°) = IdAr(G),
e CompP(G?) = {(g2: 91) | (91,92) € CompP(G)},
e seldom(G?) = selcodom(G),
e selcodom(G?) = seldom(G),

e for all composable pair (g2, g1) of GP:

comp(G?%) (g2, g1) = comp(G) (g1, g2) -

2.1.c. A category A is (i.e. can be identified to) a compositive graph such that:

e the map selpt(A) : IdAr(A) — Pt(A) is a bijection, so that there is a selection of identities
(of points) map:
selid(A): Pt(A) — Ar(A)

selpt(A)~!

Pt(A) IdAr(A)
(for all point A of A, we may write selid(A)(A4)=id(A)),

Ar(A)

e cach pair of consecutive arrows is composable, i.e. CompP(A)=ConsP(.A),
e identity arrows are (local) units for the composition of arrows,

e the composition of arrows is associative.
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2.1.d. A directed graph R is (i.e. can be identified to) a compositive graph such that:
e there is no identity arrow, i.e. IdAr(R)=0,
e there is no composable pair, i.e. CompP(R)=0.

Then, to each compositive graph G is assigned its sublying directed graph, which has the same
points and arrows as G, i.e. the directed graph subl(G) such that:

e Pt(subl(G)) = Pt(G),
e Ar(subl(G)) = Ar(G),
e seldom(subl(G)) = seldom(G),

e selcodom(subl(G)) = selcodom(G).

2.2 Functors

2.2.a. Let G and G’ be two compositive graphs. A functor ¢ : G — G’ from G to G’ is made up
of:

e a map Pt(¢) : Pt(G) — Pt(G')
(for all point G of G, we may write Pt(¢)(G)=¢(G)),

e a map Ar(¢) : Ar(G) — Ar(G’)
(for all arrow g of G, we may write Ar(¢)(g)=¢(g)),

with the following properties:

e for all arrow g of G:

¢(dom(g)) = dom(¢(g)) and ¢(codom(g)) = codom(¢(g)) ,

which means that the following diagrams (of maps) are commutative:

seldom(G selcodom(G
Ar(G) L()>Pt(g) Ar(G) %pt(g)
Ar(¢)l lPt(qﬁ) Ar(¢)l lPt(qﬁ)
Ar(g/) seldom(G’) Pt(g/) Ar(g/ selcodom(G’) t(g/)

and then, it follows that the map:
Ar(¢) x Ar(9) : Ar(G) x Ar(G) — Ar(G’) x Ar(G")

can be restricted to:
ConsP(¢) : ConsP(G) — ConsP(G'),

so that the following diagram (of maps) is commutative:
ConsP(G) — = Ar(G) x Ar(G)
ConsP(qﬁ)l lAr(qﬁ)XAr(qﬁ)
ConsP(G’) —— Ar(G') x Ar(G")
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e for all identity arrow g of G, the arrow ¢(g) is an identity arrow of G’, which means that
the map:
Ar(0) : Ax(G) — Ar(G)

can be restricted to:
IdAr(¢) : IdAr(G) — IdAr(G')

so that the following diagram (of maps) is commutative:

I1dAr(G) ——— Ar(G)
IdAr(qﬁ)l lAr(qﬁ)
I1dAT(G') ——— Ar(G)

e for all composable pair (g1, g2) of G, the pair (¢(g1), ¢(g2)) is a composable pair of G’ and:
P(g2+91) = d(g2) - &(91) ,
which means that the map:
ConsP(¢) : ConsP(G) — ConsP(G’)

can be restricted to:
CompP(¢) : CompP(G) — CompP(G')

and the following diagrams (of maps) are commutative:

comp(G)

CompP(G) s . ConsP(G) CompP(G) Ar(G)
CompP(¢) l lConsP(qﬁ) CompP(¢) l lAr(qﬁ)
CompP(G’) — ConsP(G’) CompP(G’) W Ar(g’)

2.2.b. Let G and G’ be two compositive graphs and ¢ : G — G’ a functor. The dual functor of

67 G - G

is the obviously obtained functor such that:

o PE(67) = Pt(g),
o Ax(¢7) = Ax(9).

2.2.c. Let G, G’ and G” be three compositive graphs, ¢ : G — G’ and ¢’ : G’ — G” two functors.
The composed functor of ¢’ with ¢:

¢/O¢:g_>g//

is the obviously obtained functor such that:

e Pt(¢/ 0 ¢) = Pt(¢') o Pt(),
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o Ax(¢/ 0 §) = Ar(@) o Ax().
Let G be a compositive graph. In a similar way, the identity functor of G:
id(G):G—¢
is the obviously obtained functor such that:
e Pt(id(G)) = id(Pt(9)),
e Ar(id(G)) = id(Ar(9)).

2.3 Natural transformations

2.3.a. Let G and G’ be two compositive graphs and ¢1,¢2 : G — G’ two functors. A natural
transformation t : ¢1 = ¢2 : G — G’ (or simply ¢ : ¢1 = ¢2) from ¢ to ¢o is made up of:

e a family of arrows of G’

fan(t) = (fan(t)(G) : 61(G) — ¢2(G) Jaery(g)
(for all point G of G, we may write fam(t)(G)=t(G)),
with the following property:

e for all arrow g : G1 — G5 of G, the pairs (¢(G1), ¢2(g)) and (¢1(g), t(G2)) are composable
pairs of G’ and:

t(G2) - 1(g) = #2(9) - t(G1),

which means that the following diagram (in G’) is commutative:

61(Gy) —2 L 51(Ga)
t(Gl)l lt(Gz)
»2(G1) o $2(G2)

2.3.b. Let G and G’ be two compositive graphs, ¢1, ¢ : G — G’ two functors and t : ¢1 = @9 :
G — G’ a natural transformation. The dual natural transformation of t:

19 = ¢ 1 g7 — G
is the obviously obtained natural transformation such that:

e for all point G of G:
tP(G) = t(G) .
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2.3.c. Let G and G’ be two compositive graphs, ¢1, g2, ¢3 : G — G’ three functors, t1 : ¢1 = ¢9
and to : ¢2 = ¢3 two natural transformations. The pair (¢1,t2) is a naturally composable pair
(of natural transformations) if:

e for all point G of G, the pair (¢1(G), t2(G)) is a composable pair of G,

e for all arrow g : G; — G2 of G, the pair (¢1(G),t2(G2) « t1(G2)) and the pair (t2(G1) -
t1(G1), ¢3(@)) are composable pairs of G’ and their composed arrows are equal, i.e. :

(t2(G2)  11(G2)) - 91(G) = ¢3(G) - (12(G1) - 11(G1)) -
Then the composed natural transformation of to with ty:
touti i1 = ¢3:G— G
is the obviously obtained natural transformation such that:

e for all point G of G:
(t2 . t1)(G) = t2(G) + t1(G) .

When G'=A’ is a category, each pair of consecutive natural transformations (¢1, t2) is naturally
composable (indeed, for all point G of G, the pair (¢1(G), t2(G)) is a composable pair of A’, and
the composition of arrows in A’ is associative).

Let G and G’ be two compositive graphs and ¢ : G — G’ a functor. In a similar way, a natural
transformation ¢t : ¢ = ¢ is identitary if:

e for all point G of G, the arrow ¢(G) : ¢(G) — ¢(G) is an identity arrow of G'.
When G'=A’ is a category, the identity natural transformation at ¢:
id(¢): 6= ¢:G — A
is the unique obviously obtained identitary natural transformation from ¢ to ¢ such that:

e for all point G of G:
id(¢)(G) = id(¢(@)) -

2.3.d. Let G, G’ and G” be three compositive graphs, ¢1,¢2 : G — G’ and ¢’ : G’ — G” three
functors and ¢ : ¢ = ¢9 a natural transformation. The composed of ¢' with t:

ot:dopr=¢ opy:G—G"
is the obviously obtained natural transformation such that:

e for all point G of G:
(¢' 0 t)(G) = ¢ (HG)) -

Let G, G' and G” be three compositive graphs, ¢ : G — G’ and ¢}, ¢, : G’ — G” three functors
and t' : ¢} = ¢/, a natural transformation. In a similar way, the composed of t' with ¢:

top:¢hod=dhop:G—G"

is the obviously obtained natural transformation such that:
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e for all point G of G:
(t'09)(G) =1'(¢(G)) -

Let G and G’ be two compositive graphs, A" a category, ¢1,¢2: G — G’ and ¢}, ¢, : G' — A”
four functors, ¢ : ¢1 = ¢ and ' : ¢} = ¢, two natural transformations. Then it is easy to check,
since A" is a category, that the following diagram (of natural transformations) is commutative:

The diagonal of this diagram defines the natural transformation composed of t' with t:

t'ot:¢log=dhops:G— A".
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3 Exponentiation and tensorisations of compositive graphs

3.1 Exponentiation

3.1.a. Let G and G’ be two compositive graphs. The set of functors from G to G’ is denoted:

Func(G, g .

Let G, G’ and G” be three compositive graphs and ¢’ : G’ — G” a functor. The left-composition
with ¢ map:
Func(G, ¢') : Func(G,G’) — Func(G,G")

is the map such that:

e for all functor ¢ : G — G
Func(G, #)(8) = &/ 0 6

Let G, G’ and G” be three compositive graphs and ¢ : G — G’ a functor. In a similar way,
the right-composition with ¢ map:

Func(¢,G") : Func(G’, ") — Func(G, G")
is the map such that:

e for all functor ¢' : G’ — G"":
Func(g, 6")(¢) = ¢/ 0 6.

Let G, G', G” and G"” be four compositive graphs, ¢ : G — G’ and ¢ : G — G" two functors.
It is easy to check that the following diagram (of maps) is commutative:

Func(G’, G") M Func(G’, G")

Func(qﬁ,g”)l lFunc(qﬁ,g/”)

Func(G, G") W Func(G, G")

So, the diagonal of this diagram defines the map:

Func(o, ") : Func(gl, G" — Func(G, Gg".

3.1.b. Let G and G’ be two compositive graphs. The compositive graph of functors from G to
G’ (or exponentiation of G' by G):
Func(G, ')

is the canonically obtained compositive graph such that:
e its points are the functors from G to G/,

e its arrows are the natural transformations between these functors,
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e its identity arrows are the identitary natural transformations between these functors,

e its composition law is the composition of the pairs of natural transformations (between
these functors) which are naturally composable.

When G'=A’ is a category, the compositive graph Func(G, A’) is clearly a category.

When G’ =R’ is a directed graph, the compositive graph Func(G, R’) is clearly a directed graph.
Let G, G’ and G” be three compositive graphs and ¢’ : G — G” a functor. The left-composition

with ¢' functor:

Func(G,¢') : Func(G,G') — Func(G,G")

is the obviously obtained functor such that:

e for all functor ¢ : G — G
Func(G,¢')(¢)=¢" 0 ¢,

e for all natural transformationt: ¢1 = ¢ : G — G’
Func(G, ¢ ) (t)=¢ ot .

Let G, G’ and G” be three compositive graphs and ¢ : G — G’ a functor. In a similar way,
the right-composition with ¢ functor:

Func(o,G") : Func(G',G") — Func(G,G")
is the obviously obtained functor such that:

e for all functor ¢' : G’ — G"":

Fune(¢,G")(¢") =0 ¢,
e for all natural transformationt’ : ¢} = ¢, : G' — G":

Func(p, Gt )=t 0o .

Let G, G', G” and G"” be four compositive graphs, ¢ : G — G’ and ¢’ : G — G" two functors.
It is easy to check that the following diagram (of functors) is commutative:

]—"unc(g’, g//) M _7:‘unc(g/7 g///)

]:unc(qﬁ,g”)l lfunc(qﬁ,g/”)

Fune(G,G") W Fune(G,G")

So, the diagonal of this diagram defines the functor:

Func(p, ") : Func(G',G") — Func(G,G") .
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3.2 Hollow tensorisation

3.2.a. Let G and G’ be two compositive graphs. The hollow tensor product of G with G':

is the obviously obtained compositive graph such that, as schematically represented below:

Gy

g/

gog'

[Gl =g/]

(G, G5 (G, Gl
l9,G5] l9,G1]
/ i
[G27 GQ] [Gg,g/] [G27 Gl]
gag’
T ]

e its points are the [G, G'], where G is a point of G and G’ is a point of G,

e its arrows are:

12

. the [g,G'] : [G1,G'] — [G2,G'], where g : G1 — G4 is an arrow of G and G’ is a point

of G,

. the [G,¢'] : [G,G)] — |G, GY], where G is a point of G and ¢’ : G} — G, is an arrow

of G,

e its identity arrows are:

. the [g,G'] : [G,G'] = [G, G'], where g : G = G is an identity arrow of G and G’ is

a point of G’,

. the [G,¢'] : [G,G'] = [G,G'], where G is a point of G and ¢’ : G’ = G’ is an
identity arrow of G,

e its composable pairs are:

. the ([g1, G'], [92, G']), where (g1, g2) is a composable pair of G and G’ is a point of G,
in which case [g2, G'] « [91, G’ =192 - 01, G'],
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. the ([G,d1], G, ¢5]), where G is a point of G and (g1, g5) is a composable pair of G,
in which case [G, g5] . [G, 91] =[G, 95 91].

When G=R and G'=R’ are two directed graphs, R R’ is, of course, a directed graph.

3.2.b. Let G1, G1, G2 and G} be four compositive graphs, ¢ : G1 — Gy and ¢ : G] — G} two
functors. The hollow tensor product of ¢ with ¢':

¢0¢ : G10OG — G, 0Gy
is the obviously obtained functor such that:
e for all point G of G; and all point G} of Gi:
(¢0¢)([G1, G1)) = [6(G1), ¢'(G1)]
e for all arrow g; of G; and all point G of Gi:

(08¢ (91, G1]) = [8(g1). ¢'(G1)],
e for all point Gy of G; and all arrow ¢} of G,
(08¢")([G1, 91]) = [#(G1), ¢'(91)] -
3.3 Full tensorisation

3.3.a. Let G and G’ be two compositive graphs. The full tensor product of G with G':
GG

is the obviously obtained compositive graph such that, as schematically represented below:

G1,q'
Gy (I AP, Gyl
/ [g’g/] ’
g l9,G%] l9,G1]
! !
G2 [G27 G2] [Gg,g/] [G27 Gl]
GG
g
¢ G, : a,




3 EXPONENTIATION AND TENSORISATIONS OF COMPOSITIVE GRAPHS 14

e its points are the [G, G'], where G is a point of G and G’ is a point of G’,
e its arrows are:
. the [g,G'] : [G1, G'] — [Ge, G'], where g : G1 — G4 is an arrow of G and G’ is a point
of G,
. the [G,d'] : [G, G| — |G, GY], where G is a point of G and ¢’ : G} — G} is an arrow
of G,
. the [g,4'] : [G1, G| — [Ga, GY], where g : G1 — G4 is an arrow of G and ¢’ : G} — G,
is an arrow of G/,
e its identity arrows are:
. the [g,G'] : [G,G'] = [G, G'], where g : G = G is an identity arrow of G and G’ is
a point of G/,

. the [G,¢'] : [G,G'] = [G,G'], where G is a point of G and ¢’ : G’ = G’ is an
identity arrow of G,

. the [9,¢] : [G,G] = [G,G’], where g : G = G is an identity arrow of G and
g : G' = @ is an identity arrow of G/,
e its composable pairs are:
. the ([g1, G'], [92, G']), where (g1, g2) is a composable pair of G and G’ is a point of G,
in which case [g2, G'] « [91, G| =92+ 91, G'],

. the ([G, d}],[G, g5]), where G is a point of G and (g}, g5) is a composable pair of G,
in which case [Gv gé] * [Gv gﬁ = [Gv gé " gi]v

. the ([g, GY], [G2,d']), where g : G — G5 is an arrow of G and ¢’ : G} — G is an
arrow of G, in which case [G2, ¢'] « [9, G}] =19, 9]

. the ([G1, 4], g, GY]), where g : G — G2 is an arrow of G and ¢’ : G} — G}, is an
arrow of G’, in which case [g, GY] + [G1,¢'|=]g, 9]

. the ([g1, 9], [92, ¢5]), where (g1, g2) is a composable pair of G and (g7, g5) is a com-
posable pair of G', in which case [g2, g5] « [91, 91] =92 - 91, 95+ 91]-

3.3.b. Let Gi, G, G2 and G} be four compositive graphs, ¢ : Gi — G and ¢' : Gf — G} two
functors. The full tensor product of ¢ with ¢':

PHR¢ : GIKG — G KGy
is the obviously obtained functor such that:

e for all point G of G; and all point G| of Gi:
(¢R¢')([G1, GY)) = [6(G1), ¢'(GY)]

e for all arrow g7 of G; and all point G of G1:

(6= )([91, G1)) = [¢(91), &' (G1)],
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e for all point G of G; and all arrow g} of Gi:
(6B ) ([G1, g1)) = [¢(G1), ¢ (g1)],
e for all arrow g; of Gy and all arrow g} of Gi:

(9B ) (g1, 91]) = [#(91), &' (91)] -

3.4 Cartesian tensorisation

3.4.a. Let G and G’ be two compositive graphs. The cartesian tensor product of G with G':
GG =Gx¢g

is the obviously obtained compositive graph such that, as schematically represented below:

el [G1, G
g [9:9']
G2 (G2, GY]
Gag
g
% T

e its points are the [G, G'], where G is a point of G and G’ is a point of G’,

e its arrows are the [g,¢'] : [G1, G| — [G2, GY], where g : G — G5 is an arrow of G and
g : G} — G} is an arrow of G,

e the [g,¢] : [G,G'] = [G,G’], where g : G = G is an identity arrow of G and ¢’ : G/ =

G’ is an identity arrow of G,

e its composable pairs are the ([g1, g1], [g2, g5]), where (g1, g2) is a composable pair of G and
(g1, g5) is a composable pair of G’, in which case [go, g5] « [91, 91] =92 - 91, 95 - 91]-

When G =A and G’ = A’ are two categories, it is easy to check that AQ A=A x A" is a
category. From here on, we often use cartesian products of compositive graphs and/or categories.
However we use their tensor product “status” (which will be defined later) only for categories.
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3.4.b. Let G1, G, G2 and G} be four compositive graphs, ¢ : G1 — G and ¢ : G] — G} two
functors. The cartesian tensor product of ¢ with ¢':

PR¢ :G18G — G2®Gy

¢ x ¢ G x G — Ga x Gy
is the obviously obtained functor such that:

e for all point G of G; and all point G} of Gi:
(0 @¢")([G1,G1]) = (¢ x ¢)([G1, GY]) = [¢(G1), ¢'(GY)],

e for all arrow g; of G; and all arrow g} of Gi:

(029" )(lg1,91]) = (¢ x &) ([91, 91]) = [#(91), ¢'(91)] -



4 THE SYSTEMS OF COMPOSITIVE GRAPHS 17
4 The systems of compositive graphs

4.1 Universes

4.1.a. A universe U is a set (of sets) such that:
e the set N of natural numbers belongs to U,

e if X; and Xy are two sets belonging to U, then the cartesian product X; x Xs belongs to
U,

e if Y is a set belonging to U and if (X,)ycy is a family of sets belonging to U, then the
union UyeyX, belongs to U,

e if X is a set belonging to U and if X’ is a subset of X, then X’ belongs to U,
e if X is a set belonging to U, then the set p(X) of the subsets of X belongs to U.

From here on, we reason in a model of the Zermelo-Fraenkel theory of sets with the axiom of
choice and the axiom of universes (“there is at least one universe”).

4.1.b. Let U be a universe. A set X is U-small if:
e X belongs to U.

The category of U-small sets:
SetU

is the canonically obtained category such that:
e its points are the U-small sets,

e its arrows are the maps between U-small sets.

4.2 The category of U-small compositive graphs

4.2.a. Let U be a universe. A compositive graph G is locally U-small if:
e for all points G; and G5 of G, the set Homg(G1, G2) is U-small.

From here on, we consider only locally U-small categories, i.e. categories which are locally
U-small as compositive graphs. However, generally, we must take care of the fact that the
category which is generated (as explained in § 5) by a locally U-small compositive graph is not
necessarily locally U-small.
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4.2.b. Let U be a universe. A compositive graph G is U-small if:
e Pt(G) is a U-small set,
e Ar(G) is a U-small set,

so that, of course, the sets IdAr(G) and CompP(G) are also U-small.
The category of U-small compositive graphs:

Compy
is the canonically obtained category (which is clearly locally U-small) such that:
e its points are the U-small compositive graphs,
e its arrows are the functors between U-small compositive graphs.
Similarly, the category of U-small categories is the full subcategory:
Caty

of Compy; such that its points are the U-small categories, i.e. the categories which are U-small
as compositive graphs. The canonical injection functor is denoted:

Caty C Compy : Caty — Compyy .
Finally, the category of U-small directed graphs is the full subcategory:
DihU

of Compy; such that its points are the U-small directed graphs, i.e. the directed graphs which are
U-small as compositive graphs. The canonical injection functor is denoted:

Diry C Compyy : Diry — Compy -

4.3 Tensor systems

4.3.a. Let J be a category. A J-tensor system V is made up of:

e for all arrow j of J, a category Cpt(V, j) component of V at j
(we may write V; =Cpt(V, j) and, if j=id(J) : J == J is an identity arrow, V;=Viq(s) ),

e for all pair (j : J — J',j : J — J") of consecutive (hence composable) arrows of 7, a
tensor product at (j,j') functor:

tensfunc(V, (4,5) : V; x Vjy — Vy;
we may write — ®; » —=tensfunc(V, (j,j')) and even —®  —=— ®,; . — ).
7. 75

Then, if (j: J — J',j : J — J", j":J" — J") is a triple of consecutive (hence composable)
arrows of J, we say that:
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e V is left-to-right quasi-associative at (j,j', 7") if there is a left-to-right-quasi-associativity
rewriting, i.e. a natural transformation:

qassj,j/,j// N (— ®j,j/ —) ®j/-j,j// — :> — ®j,j//-j/ (— ®j/,j// —) N Vj X Vj/ X Vj// — Vj//_j/_j7

e V is associative at (j,7’,j") if there is an associativity rewriting, i.e. a natural equivalence:
ass; s (— ®j,j/ —) ®j/-j,j// — = — ®j,j//-j/ (— ®j/,j” —) : Vj X Vj/ X Vj// — Vj//_j/_j7
the definition of right-to-left quasi-associativity, which will not be used, is left to the reader.
Similarly, if 7 : J — J’ is an arrow of J, we say that:

e V has the point V of V; as a quasi-unit at the domain of j if there is a quasi-unitarity-at-
the-domain rewriting, i.e. a natural transformation:

qunitv’j : id(Vj) = (V Qid(J),j —) V=V,

e V has the point V of Vj as a unit at the domain of j if there is a unitarity-at-the-domain
rewriting, i.e. a natural equivalence:

unity,; : id(Vj) = (V ®id(J)’j —) : Vj — Vj ,

e V has the point V' of V; as a quasi-unit at the codomain of j if there is a quasi-unitarity-
at-the-codomain rewriting, i.e. a natural transformation:

qul’litj’v/ : ld(Vj) = (— ®j,id(J/) V/) : Vj — Vj ,

e V has the point V' of Vy as a unit at the codomain of j if there is a unitarity-at-the-
codomain rewriting, i.e. a natural equivalence:

unitj’V/ : ld(Vj) = (— ®j,id(J/) V/) : Vj — Vj .

In a more global way, we say that:
o V is left-to-right quasi-associative if:

.V is left-to-right quasi-associative at each triple (7, j/, 7) of consecutive arrows of 7,

. all the left-to-right-quasi-associativity rewriting diagrams are commutative
(then we say that these various rewritings are coherent),

e V is associative if:

. V is associative at each triple (j, j’, 7”) of consecutive arrows of 7,

. all the associativity rewriting diagrams are commutative.
Similarly, we say that:
e Vis quasi-unitary and its family of units is (Us(V)) jepe() if:

. for all point J of J, the element Uj;(V) is a point of V,

. V has U;(V) as a quasi-unit at the domain of each arrow of J with domain J,
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. V has U;(V) as a quasi-unit at the codomain of each arrow of J with codomain J,
. all the quasi-unitarity rewriting diagrams are commutative
(then we say that these various rewritings are coherent),

o Vis unitary and its family of units is (Us(V)) jepe() if:

. for all point J of J, the element Uj;(V) is a point of V,
. V has U;(V) as a unit at the domain of each arrow of 7 with domain J,
« V has U;(V) as a unit at the codomain of each arrow of 7 with codomain J,

. all the unitarity rewriting diagrams are commutative.
Finally, we say that:
o Vis (left-to-right) quasi-categorical if:

. V is left-to-right quasi-associative,

. V is quasi-unitary,

. all the diagrams made up of left-to-right-quasi-associativity rewritings and quasi--
unitarity rewritings (possibly mixed together) are commutative
(then we say that these various rewritings are coherent),

e V is categorical if:

. V is associative,
. V is unitary,

. all the diagrams made up of associativity rewritings and unitarity rewritings (possibly
mixed together) are commutative.

4.3.b. Let J be a category , V and W two J-tensor systems. A J-tensor morphism Q:V — W
from V to W is made up of:

e for all arrow j of J, a functor Cpt(€2, j) : V; — W; component of Q at j
(we may write Q;(—) =Q; = Cpt(Q, ) and, if j =id(J) : J == J is an identity arrow,
Qy(=)=Qs=a ),

e for all pair (j : J — J',j : J — J") of consecutive (hence composable) arrows of 7, a
tensor rewriting at (j,7'), i.e. a natural transformation:

tens; ;1 (=) ®;50 Qi (=) = Qyrj(— @5 —) : Vi x Vyr — W5

Now, assume that V and W are left-to-right quasi-associative. Then, we say that:
o O:V — W is left-to-right quasi-associative if:

. all the diagrams made up of tensor rewritings and left-to-right-quasi-associativity
rewritings (possibly mixed together) are commutative
(then we say that these various rewritings are coherent).
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If V and W are associative, a left-to-right quasi-associative J-tensor morphism from V to W is
called associative.
Similarly, assume that V and W are quasi-unitary. Then, we say that:

o O:V — W is quasi-unitary with the family of quasi-unitarity-tensor rewritings:

if:

(qunittens; : Us(W) — Q;(Us(V)) ) jere()

. for all point J of 7, the arrow:

qunittens; : Uy(W) — Q;(Us(V))

is an arrow of Wy,

. all the diagrams made up of tensor rewritings, quasi-unitarity-tensor rewritings and

quasi-unitarity rewritings (possibly mixed together) are commutative
(then we say that these various rewritings are coherent).

If V and W are unitary, a quasi-unitary J-tensor morphism from V to W is called unitary; its
quasi-unitarity-tensor rewriting at each point J of J is called a unitarity-tensor rewriting, and

we note:

unittens; = qunittens; : U;(W) — Q;(Us(V)) .

Finally, assume that V and W are quasi-categorical. Then:

e O:V — W is quasi-categorical if:

« 2:V — W is left-to-right quasi-associative,
« 2:V — W is quasi-unitary,

. all the diagrams made up of tensor rewritings, quasi-unitarity-tensor rewritings, left-

to-right-quasi-associativity rewritings and quasi-unitarity rewritings (possibly mixed
together) are commutative
(then we say that these various rewritings are coherent).

If V and W are categorical, a quasi-categorical J-tensor morphism from V to W is called cate-

gorical.

4.3.c. Let J and K be two categories, 0 : J — K a functor and W a K-tensor system. The
tensor system deduced from W by change of indexation:

Wy

is the obviously obtained J-tensor system such that:

e for all arrow j of J:

(Wo);j = Wejy ,
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e for all pair (j:J — J',j': J' — J") of consecutive arrows of J:

tensfunc(Wy, (j,j/)) : (We)j X (We)j/ - (Wﬁ)j/-j

tensfunc(W, (0(]), 0(]/))) : W@(j) X W@(j/) — W@(j/)g(j) .

Then, it is clear that, if W is a left-to-right quasi-associative (resp. associative) K-tensor
system, then Wy is a left-to-right quasi-associative (resp. associative) J-tensor system.

Similarly, if W is a quasi-unitary (resp. unitary) K-tensor system, then Wy is a quasi-unitary
(resp. unitary) J-tensor system.

It follows that, if W is a quasi-categorical (resp. categorical) K-tensor system, then Wy is a
quasi-categorical (resp. categorical) J-tensor system.

4.4 The tensor system of U-small compositive graphs

4.4.a. From now on:

1y is the directed graph with one point 0 and no arrow,

1 is the category with one point 0 and one arrow id(0),

2 is the category with two points 0 and ! and one non-identity arrow (0,1): 0 — 1,

e 1 C 2 is the canonical injection functor (which maps 0 to 0),

e 1“C”2 is the (“quasi-canonical”) injection functor (which maps 0 to 1),

2|1 :2 — 1 is the unique functor from 2 to 1.

4.4.b. Let U be a universe. The hollow tensor product (of U-small compositive graphs) functor:
—Oy—: Compy x Compy — Compyy
is the obviously obtained functor such that:

e for all U-small compositive graphs G and G':
(-0uv-)(6.¢)=¢60¢g,

e for all U-small compositive graphs Gi, Go, G] and G and all functors ¢ : G — G2 and
oG — G
(—0u—)(e,¢') =¢0¢’ .

The functor — O y— can be restricted to:

e the hollow tensor product (of U-small compositive graphs with U-small directed graphs)
functor:
— O u—: Compy x Diry — Compyy,
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e the hollow tensor product (of U-small directed graphs) functor:

—‘Q‘U— :DihU X DihU —>Di7’1U .

Similarly, the full tensor product (of U-small compositive graphs) functor:
—Xy—: Compy x Compy — Compy
is the obviously obtained functor such that:

e for all U-small compositive graphs G and G':
(—Xy—)(G,¢)=0gKG,

e for all U-small compositive graphs Gi, Go, G; and G and all functors ¢ : G — G2 and
o Gl — Gy
(—Hu—)(¢,¢') =X ¢’ .

The functor — X y— can be restricted to:

e the full tensor product (of U-small compositive graphs with U-small categories) functor:

— K| y— : Compy x Caty — Compy; .

Finally, the cartesian tensor product (of U-small categories) functor:
—®u—: Caty X Caty — Caty
is the obviously obtained functor such that:
e for all U-small categories A and A’
(—2u=)(AA) = A A,

e for all U-small categories A;, Az, A} and A} and all functors ¢ : A; — Ag and ¢ : A —
Aj:
(—@u-)(,¢)=02¢" .

4.4.c. Let U be a universe. The tensor system of U-small compositive graphs:
Compy
is the obviously obtained categorical 1-tensor system such that:
e (Compy)g = Compy,
® — ®id(0),id(0) — = —Hu— : Compy x Compy — Compy .
Precisely, it is easy to check that:

e Compy is associative at (id(0),id(0),id(0)),
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e Compy has 1 as a unit at the domain of id(0),
e Compy has 1 as a unit at the codomain of id(0) .
Similarly, the tensor system of U-small categories:

Caty

is the obviously obtained categorical 1-tensor system such that:
e (Caty)g = Caty,
® — ®id(0),id(0) — = — Qu— : Caty x Caty — Caly .
Precisely, it is easy to check that:
e Caty is associative at (id(0),id(0),id(0)),
e Caty has 1 as a unit at the domain of id(0),
e Caty has 1 as a unit at the codomain of id(0) .
Obviously, there is a categorical 1-tensor morphism of canonical injection:
Caty € Compy : Caty — Compy .
Finally, the tensor system of U-small directed graphs:
Diry
is the obviously obtained categorical 1-tensor system such that:
e (Diry)y = Diry,
® — ®iq(0),id(0) — = — || y— : Diry x Diry — Diry .
Precisely, it is easy to check that:
e Diry is associative at (id(0),1d(0),id(0)),
e Diry has 1 as a domain unit of id(0),
e Diry has 1 as a codomain unit of id(0) .
Obviously, there is a categorical 1-tensor morphism of canonical injection:

Diry € Compy : Diry — Compy; .

24
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4.4.d. Let U be a universe. The tensor system of U-small compositive graphs and U-small
categories:
CompCaty

is the obviously obtained quasi-categorical 2-tensor system such that:

(CompCatyy) g = Compyy,

(CompCaty); = Caty,

(CompCatU)(O,l) = Compyy ,

® — ®id(0),id(0) — = —Hu—: Compy x Compy — Compyy ,
® — ®id(0),(0,1) — = —Hu—: Compy x Compy — Compy,
* —®0,1),id(1) — = —X| y—: Compy X Caty — Compy ,
® — ®id(1),d(1) — = —®u— : Caty x Caty — Caty .

Precisely, it is easy to check that:
e CompCaty is associative at (id(0),id(0),id(0)),
e CompCaty is left-to-right quasi-associative at (id(0),id(0), (0, 1)),
e CompCaty is associative at (id(0), (0, 1),id(1)),

e CompCaty is left-to-right quasi-associative at ((0, 1),id(1),id(1)) (this needs “a sufficient
number of identity arrows” of factor categories of the involved tensor products),

e CompCaty is associative at (id(1),id(1),id(1)),

e CompCaty has 1y as a unit at the domain of id(0),

e CompCaty has 1y as a unit at the codomain of id(0)
e CompCaty has 1 as a unit at the domain of (0, 1),
e CompCaty has 1 as a unit at the codomain of (0, 1),
e CompCaty has 1 as a unit at the domain of id(1),

e CompCaty has 1 as a unit at the codomain of id(1) .

Obviously, up to a change of indexation, there is a quasi-categorical 2-tensor morphism of
canonical injection:

CompCatyy € Compy : CompCaty — (Compy) g7 -
In addition, up to other changes of indexation:
(CompCaty) 1 9 = Compy

and:
(CompCatU)I 9 = Cat]U .
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Similarly, the tensor system of U-small compositive graphs and U-small directed graphs:

CompDiryy

is the obviously obtained categorical 2-tensor system such that:

(CompDiry)g = Compy ,
(CompDiry); = Diry,

(CompDiry) 9,7y = Compy ,

— ®id(0),id(0) — = —Hu— : Compy x Compy — Compyy,
— ®id(0),(0,1) — = —Hu— : Compy x Compy — Compyy ,
= ®(0,1),d(1) — = — Ul u—: Compy x Diry — Compy,
— ®id(1),id(1) — = — |8 v— : Diry x Diry — Diry .

Precisely, it is easy to check that:

(0),1d(0)),
(0),(0,1))
) 1d(1))

)

)

CompDiry is associative at (id(0),id
CompDiry is associative at (id(0), id
1),id
CompDiry is associative at ((0, 1),id(1),1d(1))

(

(
CompDiry is associative at (id(0), (0,

( i
CompDiry is associative at (id(1),id(1),id(1)

CompDiry has 1 as a unit at the domain of id(0),
CompDiry; has 14 as a unit at the codomain of id(0) ,
CompDiry has 1 as a unit at the domain of (0, 1),
CompDiry has 1 as a unit at the codomain of (0, 1),

CompDiry has 1 as a unit at the domain of id(1),

CompDiry has 1 as a unit at the codomain of id(1) .

Obviously, up to a change of indexation, there is a categorical 2-tensor morphism of canonical
mnjection:

CompDiry € Compy : CompDiry — (Compy) g7 -

In addition, up to other changes of indexation:

and:

(CompDiry) 7 c 2 = Compy

(ComlerU)I ccg772 = Dir]U .
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4.5 Enriched systems

4.5.a. Let J be a category and V a J-tensor system. A V-enriched J-system A is made up of:

e for all point J of J, a set Cpt(A,J) component of A at J
(we may write A ;=Cpt(A, J)),

e for all arrow j: J — J' of J, a map exponentiation at j:
exp(A,j) Ay xAp — Pt(Vj) ,

(we may write A;(—, —) = exp(A,j), but we must be careful not to confuse the map
Ajq() (= =) 1 Ay x Ay — Pt(V,) with the set Aj),

e for all pair (j : J — J',j' : J — J"”) of consecutive (hence composable) arrows of 7,
all element A of Ay, all element A’ of Ay and all element A” of A v, a composition at
(A, j, A" j',A”), i.e. an arrow of Vj ;:

comp(A, (A, j, A", ', A")) : As(A, A) @55 Agr (A, A) = Ay (A, A”)
(we may write comp 4 ; 4/ s 4n =comp(A, (4, j, A', j', A”)) ).
Now, assume that V is left-to-right quasi-associative. Then, we say that:

e Ais (strictly) associative (parallel to V) if, for all triple (5 : J — J', 5"+ J' — J" j": J' —
J"") of consecutive arrows of 7, all element A of A, all element A" of Ay, all element A”

of Ay, and all element A" of Ay, the following diagram (of V;» jr.;) is commutative:

(Aj(A, A) @ Ay (A, A7) @ A (A7, A™)

AJ(Av A ®. . (Aj/(A/7 A ®... Aj//(A”, A1)

comp  ®..A;(A”,A")

A;(A,AN)®...comp Ajr (A A") @ Ay (A", A™)

Aj(AA) @ A g (A, AT

m

A‘// v/ (147 A///)

ARVALV]

comp

Similarly, assume that V is quasi-unitary. Then, we say that:
o A is (strictly) unitary (parallel to V) and its family of units is:
(uzA(A) 1 Us(V) = A (A, A) ) sepe(7),Aeh,
if:
. for all point J of J and all element A of A, the arrow:
ugA(A) :Us(V) — Ajgn(4, 4)

is an arrow of Vy,
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. for all arrow 5 : J — J' (with domain J) of J and all element A’ of A j/, the following
diagram (of V;) is commutative:

Aj(A,A) — e U(V) @ Aj(A, A)
id(Aj(A,A/))l luJ,A(A)(X)MA]'(A,A/)
Aj(A, A) o A (A, A) ©.. Aj(A, A))

. for all arrow j : J* — J (with codomain J) of J and all element A’ of A, the
following diagram (of V;) is commutative:

Aj(A A) — 2 AN A) @, Uy (V)
id(A]-(A/,A))l lA]’(A/,A)@mUJ,A(A)
Aj(A A) A (A, A) @ A (4, 4)

Finally, assume that V is quasi-categorical (a fortiori, categorical). Then, we say that:
o A is (strictly) categorical (parallel to V) if:

. A is (strictly) associative,

. A is (strictly) unitary.

4.5.b. Let J be a category, V a J-tensor system, A and B two V-enriched [J-systems. A
V-enriched J-morphism I' : A — B is made up of:

e for all point J of 7, amap 'y : A; — By,

e for all arrow j : J — J' of J, all element A of A; and all element A’ of A/, an arrow of

Vj:

[j(A, A') - Aj(A, A') — B;(I';(A), Ty (A))
(if J=J' and j=id(J), we must be careful not to confuse the arrow of V; :
Ciaen (A, A) : Ay (A, A') — Biq(s) (T (A), T (A7)
with the map T'y : Ay — By),
with the following property:

e for all pair (j : J — J' 5/ : J — J”) of consecutive arrows of J, all element A of
Ay, all element A’ of Ay and all element A” of A/, the following diagram (of V. ;) is
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commutative:
Aj(A, A ®.. Aj/(A’, A"
w\
Tj(AA)®..T(AA") Aj/_j(A, A”)
B;(T(A), Ty (A4) @ By (L (4),T yr(4")) Iy (A,A7)

N

Bjr.j (L (A), Ty (A7)

Now, assume that A and B are unitary. Then, we say that:
e [': A — B is unitary if:

. for all point J of J and all element A of A, the following diagram (of V;) is com-
mutative:

Aid(J) (A7 A)

Us(V) Fia()(A,4)

B, (T(A),T's(A))
Finally, assume that A and B are categorical. Then, we say that:
e [': A — B is categorical if:

. ' A — B is unitary,

(indeed, it is reasonable to consider that a morphism of associative enriched systems is “neces-
sarily associative”).

4.5.c. Let J be a category, V and W two J-tensor systems, 2 : V — W a J-tensor morphism
and A a V-enriched J-system. The enriched system deduced from A by change of enrichment
along §2:

oA

is the obviously obtained W-enriched [J-system such that:

e for all point J of J:
(@A)s = Ay,

e for all arrow j : J — J' of J, all element A of (qA); (i.e. of Ay) and all element A’ of
(QA)J/ (16 of AJ/)i
(h);(A4, A) = Q;(A;(4, A7),
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e for all pair (j: J — J', 5’ : J' — J") of consecutive arrows of 7, all element A of (qA)
(i.e. of Ay), all element A" of (qA) s (i.e. of Ay) and all element A” of (qA)» (i.e. of
A j), the arrow of Wy ;:

comp(A, (A4, , A, j', A”)) : (aA);(A, A') ®; 5 (oA);(A, A”) — (oA);.;(A, A”)

comp(QA, (A,j, A/,j/, A”)) : Qj(Aj(A, A/)) ®j,j/ Qj/(Aj/(A/, A”)) — Qj/_j(Aj/_j(A, A”))

is the following composed arrow of W ;:

Q;(A(A,A)) ®... Qy(Ay (A, AY))
ltensm
(A (A A) . Aj(A,AY))
le/.j(Coum)
Q.5 (Ayr.(4, A7)
Now assume that V and W are left-to-right quasi-associative J-tensor systems, that : V —
W is a left-to-right quasi-associative J-tensor morphism and that A is an associative V-enriched
J-system. Then it is clear that oA is an associative W-enriched J-system.
Similarly, assume that V and W are quasi-unitary J-tensor systems, that Q : V — W is a

quasi-unitary J-tensor morphism and that A is a unitary V-enriched [J-system with family of
units:

(uJ,A(A) : UJ(V) - Aid(J)(Av A) )Jept(j),AeAJ .
Then it is clear that oA is a unitary W-enriched [J-system with family of units:
(usa(QA) : Us(W) — (oA)iar) (A, A) ) sepe(7),Ac(0h) ) »
where:

e for all point J of J and all element A of (qA); (i.e. of Aj), the arrow of W :
uga(Qh) : Us(W) — (oh)iqs) (4, 4)

ugA(QA) 1 Us(W) — Q(Aigr) (4, A))
is the following composed arrow of W j:
Us(W)
lqunittensm
Q,(U;(V))
lQJ(uJ,A(A))
Q7 (Aiq() (4, 4))
Finally, assume that V and W are quasi-categorical (a fortiori, categorical) J-tensor systems,

that 0 : V — W is a quasi-categorical J-tensor morphism and that A is a categorical V-enriched
J-system. Then it is clear that oA is a categorical W-enriched J-system.
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4.5.d. Let J and K be two categories, § : J — K a functor, W a K-tensor system and B a
W-enriched K-system. The enriched system deduced from B by change of indexation:

By
is the obviously obtained Wy-enriched [J-system such that:

e for all point J of J:
(BG)J = IB3(9({]) )

e for all arrow j: J — J' of J:

(Bo)j(— =) : (Bo)s x (Byg).r — Pt((Wo);)

Boj) (= =) = Bosy X Bosry — Pt(We(j)) ,

e for all pair (j:J — J',j : J — J”) of consecutive arrows of J, all element B of (By)
(i.e. of By(y)), all element A’ of (Bg) y (i.e. of By(yy) and all element A” of (Bg) s (i.e. of

B@(J//)):
comp(Bo, (B, j, B, j', B")) : (Bg); (B, B) ®... (Bg);:(B', B") — (Bg);1.;(B, B")

compBﬂ(j)’B/’e(j/)’B// : Bg(j) (B, B/) ® B@(j/)(B/, B”) — B@(j/)_g(j)(B, B”) .

Now assume that W is a left-to-right quasi-associative K-tensor system and that B is an
associative W-enriched K-system. Then it is clear that By is an associative Wy-enriched J-
system.

Similarly, assume that W is a quasi-unitary K-tensor system and that B is a unitary W-
enriched IC-system with family of units:

('UJK,B(B) : UK(W) - IBgid(K)(Bv B) )KePt(IC),BeIBK .
Then it is clear that By is a unitary Wy-enriched J-system with family of units:
(uo(),B(B) : Ug(ry(W) — Byga(sy) (B, B) = (Ba) (B, B) ) sepe(7),Be(By) s -

Finally, assume that W is a quasi-categorical (a fortiori, categorical) -tensor system and
that B is a categorical W-enriched K-system. Then it is clear that By is a categorical Wy-enriched
J-system.

4.5.e. Let J be a category, J a point of J, V a quasi-categorical J-tensor system and A a
categorical V-enriched [J-system. The component category of A at J:

Aj

is the obviously obtained category such that:
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o Pt(A})=Ay,
e for all points A; and Ay of A% (i.e. all elements A; and Ay of Ay ):
A5 (A1, Ag) = Vi(Us(V), Ay (A1, A2) )
which means that:

HOHIAS( Al, A2 ) = HOHIVJ( UJ(V), Aid(J) (Al, Ag) ) y

e for all point A of A% (i.e. all element A of Ay):
id(A) 1 A=—p- A

usa(A) : Us(V) —=v, Ay (4, 4),

e for all points Ay, A and Az of A% (i.e. all elements A;, Ay and Az of A;) and for all
arrows ay : A; — Ap and ap : Ay — Az of A% (i.e. all arrows ay : Uj(V) — Aid(J)(Al, Ay)
and az : Us(V) — Ajq(5) (A2, A3) of V), the arrow:

a2 « a1 :A1 _>A§ Ag

ag .« aj : UJ(V) —V; Aid(J)(Alv Ag)
is the following composed arrow of V:
Us(V)
qunit
U;(V)®.. Us(V)

a1®...a2

Aja(s) (A1, A2) ®.. Ajar) (A2, As)

comp

Ajq(g) (A2, A3)

Now let j : J — J' be an arrow of J. The exponentation at j functor:
AG(=, =) (AD)P x A — V;
is the obviously obtained functor such that:

e for all point A of A% (i.e. all element A of A;) and all point A" of A%, (i.e. all element A’
of Ay ):
AZ(AA) = Aj(AA),
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e for all arrow a : Ay — Az of A% (i.e. all arrow a : Uj(V) — Ajq(5)(A1, A2) of V) and for
all arrow a' : A7 — Ay of A%, (ie. all arrow o' : Uy(V) — Ajqer)(A7, Ay) of Vi), the
arrow of V:

Ai(a,d') - A7(Az, AY) — AG(Aq, A5)

A;k»(a, a’) . Aj(AQ, All) — Aj(Al, AIQ)

is, for instance, the following composed arrow of V;:
Aj(Az, AY)

qunit
Aj(Az, A1) ©.. Uy (V)
qunit _®..U;(V)
(Us(V) ®.. Aj(Az, A}) ®.. Uy (V)
(a®...A;j(A2,A)))®..d
(Ajaer) (A1, A2) @ Aj(Az, A))) ® . Ajqery (AT, Ap)
comp  ®..Ajq(yry(A],A3)
Aj(Ar, A7) @... Aia(ry (A, A3)

comp

Aj(Ay, Ay)

(note that, thanks to associativity, left-to-right quasi-associativity, quasi-unitarity and
coherence, there is another way to get the arrow AJ(a, a’): its construction is left to the
reader).

4.5.f. Let J be a category, J a point of 7, V a quasi-categorical J-tensor system, A and B two
categorical V-enriched J-systems and I' : A — B a categorical V-enriched J-morphism. The
component functor of I at J:

s A% — BY

is the obviously obtained functor such that:

e for all point A of A% (i.e. all element A of Aj):

I5(4) =T'5(4),

o for all points A; and A of A% (i.e. all elements A; and Ay of Ajy) and for all arrow
a: Ay — Ag of A% (i.e. all arrow a : U (V) — Ajq(s) (A1, A2) of Vy), the arrow:
Ij(a) : I (A1) —me I (A2)
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(a) - Us(V) —v, Big) (I (A1), T(A2))

(a) : Us(V) —v, Biq)(Ts(A1),T5(A2))

is the following composed arrow of V:
Us(V)
Aiq(g) (A1, A2)
lrid(J)(AlaAz)

Bia(s) (T (A1), Ty (A2))

Now let j : J — J’ be an arrow of 7. The natural transformation component of T at j:
[5(= =) Aj(= =) = Bj(=, =) o (T)% x T7) : (AJ)P x Ay =V
is the obviously obtained natural transformation such that:

o for all point A of A% (i.e. all element A of A;) and all point A" of A%, (i.e. all element A’
of AJ/ )3
T5(A, A)) - A5(A, A') — Bj(T5(A), T (A)

Tj(A,A) - Aj(A, A) — B; (T (A), Tu(4)) .

4.6 The enriched system of U-small compositive graphs

4.6.a. Let G, G’ and G” be three compositive graphs. Then:
—opg.ggr— : Func(G,G") O Func(G', G") — Func(G,G")

is the obviously obtained functor such that:

e for all functors ¢ : G — G’ and ¢’ : G’ — G":
(—epgg.gn (8. ¢]) =¢' 09,

e for all functors ¢1,¢2 : G — G' and ¢’ : G’ — G” and all natural transformation ¢ : ¢; = ¢o:
(—epgggn )t ¢]) = ¢ o,

e for all functors ¢ : G — G" and ¢}, ¢, : G’ — G” and all natural transformationt’ : ¢} = ¢4:

(—eggg g t]) =t og.
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Similarly, let G and G’ be two compositive graphs (in particular, G’ may be a category) and
A" a category. Then:

—owg.g.arn— : Func(G,G") B Func(G', A”) — Func(G, A”)
is the obviously obtained functor such that:

e for all functors ¢ : G — G’ and ¢' : G’ — A”:
(—emgga—)[8.¢]) =¢' 09,

e for all functors ¢1, ¢ : G — G' and ¢’ : G’ — A” and all natural transformationt : ¢1 = ¢s:
(—emggar—)[t,¢]) = ¢ ot,

e for all functors ¢ : G — G’ and ¢, ¢, : G’ — A" and all natural transformation ¢’ : ¢| = ¢:
(—emgga)[dt]) =t 00,

e for all functors ¢1,¢2 : G — G' and ¢/, ¢, : G — A" and all natural transformations
t:¢p1 = ¢y and t' : ¢ = ¢l

(—emggar)[LT]) =t ot.
Finally, let A and A’ and A” be three categories. Then:
—0g aur,ar—  Func(A, A') @ Func(A', A”) — Func(A, A”)
is the obviously obtained functor such that:
e for all functors ¢ : A — A" and ¢’ : A’ — A”:
(—eg a4 ¢]) =¢ 00,

e for all functors ¢1,¢ : A — A and ¢}, ¢, : A’ — A” and all natural transformations
t:¢1 = ¢ and t' : @) = @by

(_Q@A’A/’A//—)([t7 t/]) = t/ ot.

4.6.b. Let G be a compositive graph. Then:
uid(G)g: 19 — Func(G,G)

is the functor which maps the point 0 to the functor id(G) : G — G (which is indeed a point of

Func(G,G)).
Let A be a category. Then:

uid(A) : 1 — Func(A, A)

is the functor (from the category 1 towards Func(A, A), which is also a category) which maps
the point 0 to the functor id(A) : A — A (hence it maps the arrow id(0) to the natural
transformation id(id(.A)) : id(A) = id(A) : A — A, which is indeed an arrow of Func(A, A)).
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4.6.c. Let U be a universe. The enriched system of U-small compositive graphs:
Compyy
is the obviously obtained categorical Compy-enriched 1-system such that:
e (Compyy)y = Pt(Compy) is the set of U-small compositive graphs,
e for all U-small compositive graphs G and G’

(Compyy)iq(y(G, G") = Func(G,G'),

e for all U-small compositive graphs G, G’ and G":

(Compy )ia0)(G, G") ®id(0),id(0) (Compy)ia(o) (', G") Func(G,G") B Func(G', G")

COmPg id(0),6’,id(0),G" = —90g.g/,g"—

(Compy)iq(0)(G,G") Func(G,G")

Then:

e the family:
(uid(G)g : 1y — Func(G,G) )gepe(Compy)

is its family of units,

e the category (Compy)j (component of the enriched system Compy at 0) is canonically
isomorphic, then identified, to the category Compy; of U-small compositive graphs,

e the functor (Compy)y(,y : (Compy)? x Compy — Compy, is the functor such that:

. for all U-small compositive graphs G and G':
(Compy)iy(g)(G,G") = Func(g,§")

. for all U-small compositive graphs G, G, G and G and all functors ¢ : G — G’ and
¢// . g// N g///:
(Compy)iyp) (¢, ¢") = Func(¢, ¢") .

Similarly, the enriched system of U-small categories:
(CatU

is the obviously obtained categorical Caty-enriched 1-system such that:

e (Caty)y = Pt(Caty) is the set of U-small categories,



4 THE SYSTEMS OF COMPOSITIVE GRAPHS 37

e for all U-small categories A and A':

(Cat)iq(o) (A, A') = Func(A, A,

e for all U-small categories A, A" and A":

((CatU)id(g) (.A, .A/) ®id(0),id(0) (CatU)id(o) (.A/, .A”) ]—"unc(A, .A/) @func(.A’, .A”)
COmMP 4 id(0),A’,id(0), A" = TR A,AN AT

(Caty)iq(oy (A, A”) Func(A, A”)

Then:

e the family:
(u—ld(‘A) i1 — func(.A, A) ).AEPt(CatU)

is its family of units,

e the category (Caty)j, (component of the enriched system Caty at 0) is canonically iso-
morphic, then identified, to the category Caty of U-small categories,

e the functor (Caty)jy ) : (Caty)® x Caty — Caty is the functor such that:
. for all U-small categories A and A’

(Caty)ig gy (A, A) = Func(A, A),

. for all U-small categories A, A’, A” and A" and all functors ¢ : A — A’ and
¢// . A// N A///:
(CatU)?d(O) (¢7 ¢//) - func(¢7 ¢//) :

Up to a change of enrichment, there is of course a categorical Compy-enriched 1-morphism of
canonical injection:

Caty € Compy :  catycComp,Caty — Compy .
Finally, the enriched system of U-small directed graphs:
Diry
is the obviously obtained categorical Dirg-enriched 1-system such that:
e (Diry)y = Pt(Diry) is the set of U-small directed graphs,
e for all U-small directed graphs R and R':

(Diry)iaeo) (R, R') = Func(R,R'),
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e for all U-small directed graphs R, R’ and R":

(DirU)id(()) (R, R/) ®id(0),id(0) (DirU)id(()) (R/, R”) func(R, R/) QfUTLC(R/, R”)
COMPR id(0),R’,id(0),R" = —SORR/RI'T

(Diry)iq(oy (R, R") Func(R, R")

Then:

e the family:
(uid(R)g: 1p — Func(R, R) )Rept(Diry)

is its family of units,

e the category (Diry)j (component of the enriched system Diry at 0) is canonically isomor-
phic, then identified, to the category Diry of U-small directed graphs,

e the functor (ID)irU)fd(o) : (Diry)°P x Diry — Diry is the functor such that:
. for all U-small directed graphs R and R':
(ID)irU)fd(o)(R, R') = Func(R,R),
. for all U-small directed graphs R, R’, R” and R” and all functors ¢ : R — R’ and

¢// . R” N R”/:
(DirU)?d(O) (¢7 ¢//) - func(¢7 ¢//) :
Up to a change of enrichment, there is of course a categorical Compy-enriched 1-morphism of

canonical injection:
Diry € Compy; : DiryCCompy, Diry — Compy .

4.6.d. Let U be a universe. The enriched system of U-small compositive graphs and U-small
categories:
CompCaty

is the obviously obtained categorical CompCaty-enriched 2-system such that:

(CompCaty)y = Pt(Compy) is the set of U-small compositive graphs,

(CompCaty); = Pt(Caly) is the set of U-small categories,

for all U-small compositive graphs G and G:

(CompCaty )iq(0) (G, G = Func(G,G"),

for all U-small compositive graph G and all U-small category A’:
(CompCaty) g, 1)(G,A) = Func(G, A),
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e for all U-small categories A and A':
(CompCaty)iq(1) (A, A') = Func(A, A'),

e for all U-small compositive graphs G, G’ and G-

(CompCaty)ia(y (G, G') ®id(0),id(o) (CompCaty)iq(p)(G', G") Fune(G,G") D Func(G', G")

|°°“‘Pg,id<0>,g/,id<0>,g” = —20g,9',6"

(CompCaty)iq(0)(9,G") Fune(G,G")

e for all U-small compositive graphs G and G’ and all U-small category A”:

(CompCaty)iq(0y(G,G") @ida(0),(0,1) (CompCaty) g, 1)(G', A”) Fune(G,G") W Fune(g', A”)

|Compg,id<0>,g/,<a,z>,A” = —ORg.g!,A

(CompCaty) g, 1) (G, A") Func(G, A”)

e for all U-small compositive graph G and all U-small categories A" and A”:

(CompCaty)(g,1)(G, A") @(0,1,1(1) (CompCaty)iq()(A’, A”) Fune(G, A') & Func(A', A”)

|°°“‘Pg,(0,z>,A/,id<z>,A” = TeRG, AN AT

(CompCatu) g, 1) (G, A”) Func(G, A")

e for all U-small categories A, A" and A":

(CompCaty)ia(1) (A, A") ®iq(1),ia(1) (CompCaty)ig(s)(A’, A”) Func(A, A) @ Func(A', A”)

|°°“‘PA,id<1>,A/,id<z>,A” = 2@ AAn AT

(CompCaty)iq( 1) (A, A”) Func(A, A”)

Then:

e the family:
(ll_ld(g)@ : 1@ - func(gv g) )QEPt(CompU)

is its family of units of index the point 0,
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e the family:
(u—ld(‘A) i1 — func(.A, A) ).AEPt(CatU)

is its family of units of index the point 1,

e the category (CompCaty)j, (component of the enriched system CompCaty at 0) is canon-
ically isomorphic, then identified, to the category Compy of U-small compositive graphs,

e the category (CompCaty)¥ (component of the enriched system CompCaty at 1) is canon-
ically isomorphic, then identified, to the category Caty of U-small categories,

e the functor ((Comp(CatU)’(ko e (Compyy)°P x Caty — Compy is the functor such that:
. for all U-small compositive graph G and all U-small category A’:

((Comp(CatU)’(ko’l)(g, A = Func(g, A),

. for all U-small compositive graphs G and G’, all U-small categories A” and A" and
all functors ¢ : G — G' and ¢" : A" — A"

(CompCatu)y, ;) (¢, d") = Func(¢, ¢"),
e in addition:
(CompCaty)iy gy = (Compy)ig(gy : (Compy)™ x Compy — Compy

and:
(CompCatuy)iq( sy = (Caty)ig(g) : (Caty)® x Caty — Caty .

Up to a change of indexation, there is of course a categorical (Compy) 21 -enriched 2-morphism
of canonical injection:

CompCaty C Compy; : CompCaty — (Compyy) 21 -
In addition, up to other changes of indexation:
(CompCaty) 7 c 2 = Compy

and:
(CompCaty) 7« g = Caty .

Similarly, the enriched system of U-small compositive graphs and U-small directed graphs:
CompDiry
is the obviously obtained categorical CompDiry-enriched 2-system such that:
e (CompDiry)y = Pt(Compy) is the set of U-small compositive graphs,
e (CompDiry); = Pt(Diry) is the set of U-small directed graphs,

e for all U-small compositive graphs G and G’

(CompDirU)id(U) (g, g/) = func(g, g/) )
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e for all U-small compositive graph G and all U-small directed graph R':
((CompID)irU)(o,l)(g, R') = Func(G,R'),

e for all U-small directed graphs R and R':

(CompDiry )iq( 1) (R, R') = Func(R,R),

e for all U-small compositive graphs G, G’ and G":

(CompDiry)iq 0y (G, G') @id(0),id(o) (CompDiry)iq(p)(F',G") Func(G,G") O Func(G', G")

|°°mPg,id<0>,g/,id<0>,g” = —20g6.6/,6" ™

(CompDiry)iq(y(G,G") Funce(G,G")

e for all U-small compositive graphs G and G’ and all U-small directed graph R”:

(CompDiry)ig(y (G, G") ®id(0),(0,1) (CompDiry) gy, 1y(G', R") Func(G,G") O Func(G', R")
(0) (0),(0,1) (0,1)

jCOmPg,id(O),g/,wJ),R” = —°0g,¢/ R~

(CompDiry)g,1)(G,R") Fune(G, R")

e for all U-small compositive graph G and all U-small directed graphs R’ and R":

(CompDiry)(g,1)(G, R') @(0,1),id(1) (CompDiry)iq 1) (R’, R") Func(G, R") D Func(R',R")

|Comp9,<0,z>,7a/,id<z>,7a” = —20g,R/ R/

(CompDiry) g, 1)(G, R") Func(G, R")

e for all U-small directed graphs R, R’ and R":

(CompDiry )iq(1)(R; R') @ida(1),id(1) (CompDiry)iq( 1) (R, R") —oOR,R\R'

COMPre 54(1), R/ id(1),R" | (CompDiry)iq( 1y (R,R")

Func(R,R") O Func(R',R") Func(R, R")

Then:
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e the family:
(uid(G)g: 19 — Func(G, G) )gept(Compy)

is its family of units of index the point 0,

e the family:
(u—ld(R)@ : 1@ - func(R, R) )REPt('I%TU)

is its family of units of index the point 1,

e the category (CompDiry)j, (component of the enriched system CompDiry at 0) is canon-
ically isomorphic, then identified, to the category Compy of U-small compositive graphs,

e the category (CompDiry)} (component of the enriched system CompDiry at 1) is canon-
ically isomorphic, then identified, to the category Diry of U-small directed graphs.

e the functor (CompDiry) ) (Compyy)°P x Diry — Compy is the functor such that:

(0.1
. for all U-small compositive graph G and all U-small directed graph R':
(CompDiry)(y 4y(9, R') = Func(G,R'),

. for all U-small compositive graphs G and G’, all U-small directed graphs R” and R’
and all functors ¢ : G — G' and ¢ : R” — R

(CompDiry)y ;) (¢, d") = Func(¢, ¢"),
e in addition:
((CompID)irU)fd(o) = ((CompU)fd(o) : (Compy)®? x Compy — Compyy

and:
(CompDiry )iy 4y = (Dirv)iy(gy : (Diry)® x Diry — Diry .

Up to a change of indexation, there is of course a categorical (Compy) 21 -enriched 2-morphism
of canonical injection:

CompDiry € Compy; : CompDiry — (Compy) 21 -
In addition, up to other changes of indexation:
(CompDiry) 7 - g = Compy

and:
((CompID)irU) 142 = Dir]U .
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5 Generated categories

5.1 Categories of paths

5.1.a. Let R be a directed graph. The category of paths of R:
Path(R)
is the obviously obtained category such that:
e its points are the points of R,
e its arrows are:
. the paths of length 0 at the points of R, i.e. the:
[R,R]: R— R

where R is a point of R,
. for all m > 1, the paths of length m between points of R, i.e. the:

[R1,71, .-, Tjy oy Ty Rng1] - R1 — R

where Ry and R,,41 are two points of R and r1 : Ry — Ro, ...,r; : Rj — Rj4q, ...

Tm ¢ Ry — Ry are (consecutive) arrows of R,
e for all point R of Path(R) (i.e. of R):
selid(Path(R))(R) = [R, R],
e for all points R;, Rs and R3 of R, all integers m > 1 and n > 1, all path:
[Ri=Ri11,71,1,- s T1,ms Rimy1=Ra] : R1 — Ra,
of length m, and all path:
[Re=R21,72.1,-..,72n, Ront1=R3] : Ro — R3,
of length n:
comp(Path(R))([R1, 71,1, - s T1,ms Ra], [R2, 72,1, - - ., T2.n, R3])

= [Ri,711,---sT1,msT2,1,--->T2.n, R3] : Ri — R3 .

Then:
R C Path(R) : R — Path(R)

43

denotes the (“canonical inclusion”) functor identifying the arrows of R with the paths of length 1,

i.e. the functor such that:

¢ (R C Path(R))(R)=R for all point R of R,
e (R C Path(R))(r)=[R1,r, Ry for all arrow r: Ry — Ry of R .

Now it is clear that:

e if U is a universe and if R is a U-small directed graph, then Path(R) is a U-small category.
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5.1.b. Let us now prove the following result.

Proposition 1 Let R be a directed graph and A a category. Then the functor:
Func(R C Path(R), A) : Func(Path(R), A) — Func(R,.A)

s an isomorphism.

Proof. 1f ¢ : R — A is a functor, then its prolongation to Path(R):
prol(¢) = (Func(R C Path(R), A)) " 1(¢) : Path(R) — A

is the obviously obtained functor such that:

e for all point R of R:
prol(¢)(R) = ¢(R),

e for all point R of R:
prol(¢)([R, R]) = id(é(R)),

e for all integer m > 1, all points R; and R,,+1 and all path:
[R1,715 s Ty Ring1] + B — Ry
of length m, of R:

prol(¢)([Ri,r1,- - 75,y Tm, Rmg1]) = 0(rm) oo - s A(rj) ... o(r1) .

Similarly, let ¢1,¢s : R — A be two functors and ¢ : ¢1 = ¢o a natural transformation. Then
clearly the prolongation of t:

prol(t) = (Func(R C Path(R), A))"L(t) : prol(¢;) = prol(¢s) : Path(R) — A
is the obviously obtained natural transformation such that:

e for all point R of R:
prol(t)(R) = t(R) .

End of proof.
Hence, it follows from proposition 1 that, if R and R’ are two directed graphs and if ¢ : R —
R’ is a functor, there is a unique functor (prolonging ¢ both to Path(R) and to Path(R’)):

Path(¢) = prol((R' C Path(R')) o ¢) : Path(R) — Path(R’)
such that the following diagram (of functors) is commutative:

RCPath(R)

Path(R)
o) Path(¢)
R/ Path(R')

R/ CPath(R/)
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Similarly, let R and R’ be two directed graphs, ¢1, ¢ : R — R’ two functors and t : ¢1 = ¢o
a natural transformation. Then there is a unique natural transformation (prolonging ¢ both to
Path(R) and to Path(R')):

Path(t) = prol((R’ C Path(R')) ot) : Path(¢;) = Path(¢s) : Path(R) — Path(R')
such that the following diagram (of functors and natural transformations) is commutative:

RCPath(R)

Path(R)

$1| L | b2 Path(¢1)§gf> Path(¢2)

/ /
R R’/ CPath(R’) Path(R')

5.1.c. Let U be a universe. Then the category-of-paths functor:
Pathy(—) : Diry — Caty
is the obviously obtained functor such that:
e for all U-small directed graph R:

Pathy(—)(R) = Path(R),
e for all U-small directed graphs R and R’ and all functor ¢ : R — R':

Pathy(-)(¢) = Path(¢) .

Clearly, it follows from proposition 1 that, in the following diagram (of functors):

CatU

Pathy(—
}/ lCatU CCompy

Diry ————— Com
U DiryCCompy Pu

the functor Pathy(—) : Diry — Caty is a (Diry C Compy)-left adjoint of the functor Caty C
Compy; : Caty — Compy (“compatible with the enrichments”).

5.2 Categories of classes of paths

5.2.a. Let G be a compositive graph. The category of paths of G is the category:
Path(G) =Path(subl(G))
of paths of the directed graph sublying G. In addition:

e Rel(G) is the relation on Path(G) such that:
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. for all point G of G and all identity arrow g : G = G of G:
(G, 9, G Rel(9) [G, G,

. for all points G1, G2 and G3 of G and all composable pair (g1 : G1 — Ga2,92 : G2 —
Gg) of Q:

[le g2+ 91, G3] Rel(g) [G17 g1, 92, Gg] )

e Cong(G) is the congruence, i.e. the equivalence relation compatible with the structure of
category, on Path(G), generated by the relation Rel(G),

Then the category of classes of paths of G:
ClPath(G)

is the quotient category of the category Path(G) of paths of G by the congruence Cong(G).
Now, there is a quotient functor (for paths of length 1):

G | CIPath(G) : G — ClPath(G) .
It is clear that:
e G | ClPath(G) is “the identity on points”,
e G | ClPath(G) is “a surjection on arrows”, which means that:

. for all point G of G (i.e. of ClPath(G)):

selid(CIPath(G))(G) = id(G) = (G | CIPath(G))([G, G]) = [G, G],

. for all points G and H of G (i.e. of ClPath(G)) and all arrow ¢ : G — H of ClPath(G)
which is not an identity arrow of ClPath(G), there is an integer m > 1 and a path:

[G:G17917 .- -ugvam—I—l:H] G — H7

of length m, of G, such that:

c= (G| ClPath(9))([G, g1, .-, gm:- H])) =[G, g1, -, gm, H] .

Let A be a category. Then of course A | ClPath(A) : A — ClPath(.A) is an isomorphism,
which allows us to identify A and ClPath(.A).

Let U be a universe and G a U-small compositive graph. Then clearly ClPath(G) is a U-small
category.

5.2.b. Let us now prove the following result.

Proposition 2 Let G be a compositive graph and A a category. Then the functor:
Func(G | ClPath(G), A) : Func(ClPath(G), A) — Func(G, A)

s an isomorphism.
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Proof. 1If ¢ : G — Ais a functor, then its ezpansion to ClPath(G):
exp(¢) = (Func(G | ClPath(G), A)) () : ClPath(G) — A
is the obviously obtained functor such that:
e for all point G of G:
exp(9)(G) = ¢(G),
e for all point G of G:

exp(¢)([G, G]) = id(¢(G))
e for all integer m > 1, all points G; and G,,11 and all path:
(G1,91, -, 955 s Gms Gm1] : G1 = G
of length m, of G:
exp(9)([G1, 91, - -2 Gjs -+ Gm> Gmy1]) = G(gm) + - -« G(gj) - o(g1) -

Similarly, let ¢1,¢s : G — A be two functors and t : ¢; = ¢9 a natural transformation. Then
clearly the expansion of t:

exp(t) = (Func(G | ClPath(G), A))~L(t) : exp(¢1) = exp(¢ps) : Path(G) — A
is the obviously obtained natural transformation such that:

e for all point G of G:

exp(t)(G) = H(G) -

End of proof.

Hence, it follows from proposition 2 that, if G and G’ are two compositive graphs and if
¢ : G — G is a functor, there is a unique functor (expanding ¢ both to ClPath(G) and to
ClPath(G")):

ClPath(¢) = exp((G’ | ClPath(G")) o ¢) : ClPath(G) — ClPath(G’)
such that the following diagram (of functors) is commutative:

G|ClPath(G)

G ClPath(G)
¢| |ClPath(¢)
G' ClPath(G')

G'|ClPath(G)

Similarly, let G and G’ be two compositive graphs, ¢1, ¢2 : G — G’ two functors and ¢ : ¢; =
¢2 a natural transformation. Then there is a unique natural transformation (expanding ¢ both
to ClPath(G) and to ClPath(G")):

ClPath(t) = exp((G’ | ClPath(G")) ot) : ClPath(¢;) = ClPath(¢s) : ClPath(G) — ClPath(G’)
such that the following diagram (of functors and natural transformations) is commutative:

G G|ClPath(G) ClPath(g)

P11l Ly |92 ClPath(¢1)<P;“;> ClPath(¢2)

g ClPath(¢’)

G'|ClPath(G)
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5.2.c. Let U be a universe. Then the category-of-classes-of-paths functor:
ClPathy(—) : Compy — Caty
is the obviously obtained functor such that:

e for all U-small compositive graph G:

ClPathy(—)(G) = ClPath(g),

e for all U-small compositive graphs G and G’ and all functor ¢ : G — G’

ClPathy(—)(¢) = ClPath(s) .

Clearly, it follows from proposition 2 that, in the following diagram (of functors):

CatU
ClPathy(—) ( )/CatU CCompyy

Compy

the functor ClPathy(—) : Compy — Caty is a left adjoint of the functor Caty C Compy; : Caty —
Compy; (“compatible with the enrichments”).
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