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ESTIMATES OF 0(x;k,l) FOR LARGE VALUES OF =z.

PIERRE DUSART

ABSTRACT. We extend a result of RAMARE & RUMELY, 1996 [3] about CHEBY-
SHEV function @ in arithmetic progressions. We find a map e(x) such that
| O(x; k,1) —x/p(k) |< ze(x) and e(z) = O (ﬁ) (Ya > 0) whereas e(z) is
a constant in [3]. Now we are able to show that

| 0(;3,1) — /2 |< 0.262——
Inz

and, for x > 151,
T

;3,0 > .
(= ) 2lnz

1. INTRODUCTION

Let R = 9.645908801 and X = /2L RoSSER [6] and SCHOENFELD [7] (Th. 11
p. 342) showed that, for z > 101,

| 0(z) — x|, | P(x) — 2 |< ze(x)

e(x) =4/ %le exp(—X).

We adapt their work to the case of arithmetic progressions. Let us recall the usual
notations for nonnegative real z,

where

O(x; k1) = Z Inp, where p is a prime number
pE}l)zzdk
Y(x; k1) = Z A(n), where A is Von Mangold’s function

n=Ilmodk
n<a

and ¢ is Euler’s function. We show, for z > zo(k) where zo(k) can be easily
computed, that

|0z k. 1) —x/o(k) |, | (2 k,1) — x/p(k) |< ze(z)
where

k
e(x) = 3y ——= X2 exp(— X).
p(k)C
We apply the above results for & = 3. For small values, we use RAMARE &
RUMELY’s results. We show that for z > 1,

x
1 ; —x/2 262—.
(1) [ 0(:3,1) = 2/2 |< 0.2627—
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If we assume that the Generalized Riemann Hypothesis is true then we can show
that, for £ > 100 and k < 432,
2
vz In?z.

[k 1) — /() |< 5o

(
Let define, as usual, m(x) the number of primes not greater than z. In 1962,
ROSSER & SCHOENFELD ([5] p. 69) found a lower bound for 7(z):

x

R > .
(2) m(z) > I for x > 17

m(x; k1) = Z 1,

p<z, p=lmodk
we show an analogous result in the case of arithmetic progression with £ = 3 and
l=1or2,

12

Letting

T
: — > 151.
m(x;3,1) > Sz or 5

This result, deduced from (1), implies (2) and can’t be shown with RAMARE &
RUMELY’s results.
The method used for k = 3 can also be applied for other fixed integer k.

2. INTRODUCTING LEMMAS

Notations: we will always denote by p a non trivial zero of the Dirichlet’s function L,
that is to say a zero such that 0 < Rp < 1. We write p = 5+ iy. Let p(x) be the
set of the zeros p of the function L(s,y), with 0 < 8 < 1.

For a positive real H, following RAMARE & RUMELY, we say that GRH(k,H)
holds! if, for all x modulo k, all the non trivial zeros of L(s,x) with |y| < H are
such that 3 =1/2.

As in ROSSER & SCHOENFELD (in [6, 7] where the case k = 1 is studied), we must
know the distribution of L(s, x)’s zeros; namely find a real H such that GRH(k, H)
is satisfied and a zero-free region.

2.1. Zero-free region.

Theorem 1 (Ramaré & Rumely [3]). If x is a character with conductor k, H >
1000 and p = B+i7 is a zero of L(s, x) with |y| = H then there exists a computable
constant Cy(x, H) such that

1
02 RO )
Examples:
k Hk Cl (X, Hk)
1 545000000 | 38.31
3 10000 20.92
420 | 2500 56.59
Proof: See Definition and (3.6.6) of Ramaré & Rumely [3]. |

Remark: For k > 1 and Hy > 1000, C1(x, H) > C1(x0,1000) > 9.14.
,From now on,
Ci(k) = min Ci(x, Hy).
xmodk

INote that our GRH is a restriction of the usual Generalized Riemann Hypothesis.
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2.2. GRH(k, H) and N(T,).

Lemma 1 (McCurley [1]). Let Cy = 0.9185 and C3 = 5.512. Write F(y,x) =
Z1n (%) and R(y,x) = Caln(ky) + Cs. If x is a character of Dirichlet with
conductor k, if T > 1 is a real number and if N(T,x) denotes the number of zeros
B +iv of L(s,x) in the rectangle 0 < 8 < 1, |y| < T, then

IN(T,x) = F(T, x)| < R(T, x)-

Lemma 2 (deduced from Rumely [3], Theorem 2.1.1 p. 399).

e GRH(k,H) is true for H = 10000 and k < 13.
o GRH(k,2500) is true for sets
By = {k < 72},
Es; = {k < 112,k not prime},
Bs = {116,117,120, 121, 124, 125,128, 132, 140, 143, 144
156, 163, 169, 180, 216, 243, 256, 360, 420, 432}.

2.3. Estimates of |¢(z; k,1) — z/¢(k)| using properties of zeros of L(s, x).

Theorem 2 (McCurley [1]). Let © > 1 be a real number, m and k two positive
integers, 6 a real number such that 0 < § < Im—_f and H a positive real.
Let

1 m
(3) Am,6) = — 3 (") @+ oy,
6 = \J
Assume GRH(k,1). Then
p(k) 2
— max |[¢Y(y; k1) — ——| < A(m,9)
xT 1<y<m| ( ) QD(k) ‘ ZX: pEZp(:x) P + ]- (p + m)'
|~vI>H
) mao
(1S X e R
X PER(X)

lvI<H

where 3 denotes the summation over all characters modulo k, R=o(k)[(f(k)+

0,5)Inz +4Ink +13,4] and f(k) =3, zﬁ‘

2.4. One more explicit form of estimates. The next lemma can be found

in [3] with the difference that authors assumed GRH(k,H) but they used in fact
only GRH(k,1). Since we must apply it with 7' > H, we rewrite the proof.

Lemma 3. Let x be a character modulo k. Assume GRH(k,1). Then, for some

T > 1, we have
1 .
>, SEM

[vI<T p|
pPEP(X)

. X
with B(T) = 5~ In*(T) + Mln( T)+Co+2(LIn (&) +Colnk + Cs).
Proof: For || < 1, we have GRH(k 1) and so

> S Z e <200,

[vIst [vIs1
pEP(X) rEP(X)
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For || > 1,
1 Tan(t T N(t N(T N(1
1<|v|<T |p| 1 t 1 t T 1
pEP(X)
Thus "
1 N(t,x) , . N(T,x)
— < dt N(1,x).
o] /1 g W PN
IvI<T
PEP(X)
We conclude by lemma 1:
T T
N(t F(t t
12
T
_ _/ ln(k:t/27re C/ In(k dt+C/ L
T J1
1
= = —1n2 k_T
w2 2me ) |,
m(kt)]" (T
+Cz{[—M] +/ —th}+C’3[—1/t]1T
1 1 k In(kT) 1
= —®T+>-In(— |InT - Ink——+1
o +7rn<27re>n +02< o Tk T+>
+C5(1—-1/7)
In the same way, we have an upper bound of
N(T F(T R(T
(T7x) with L ,x); (T,x)
and

N (1, x) with F(1, x) + R(L, x).
Finally, we obtain
11 In (5& 1 k
Z < —In*(T)+ (2 )ln(T)+Cz+2 —In{— | +Colnk+Cs —@.
Iol ™ 27 T

lvI<ST p| 2m m
PEP(X)

O
Using the facts that:
- if p is a zero of L(s, x) then p is zero of L(s, x) too,
- these zeros are symmetrical with to the line R(z) = 1/2,
we obtain lemma 4 taken directly from [3].

Lemma 4 ([3]). Let

1 —Inx
4 m (1) = —— ke
) Omf) = G OXP (Rln(kzt/Cl(k)))
with R = 9.645908801.
B
X
Z ‘ |m+1 + Z | |m+1 S Z ¢)m +\/_ Z |m+1'
[vI=H v |vIZH v [vI=ZH [vI=H
PEP(X) PEP(X) PEP(X) PEP(X)

Let us rewrite lemma 7 of [6] to adapt it at the new functions F(y, x) and R(y, x)
which we use.
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Lemma 5. Write N(y) = N(y,x), F(y) = F(y,x) and R(y) = R(y,x). Let
1 < U <V and ¢(y) a positive and differentiable function for U < y < V. Let
(W —=9)¢'(y) 20 for U <y <V, where W not necessarily belong to [U,V]. Let
Y one of the numbers U, V, W which is not the greatest and not the lowest. Choose
j =0 or1 depending on (—1)J(V — W) > 0. Then

\%
/(;5 ( )dy+( jC2/ Mdy+Bj(Y,U,V)
U<|7|<V v ¥

where B;(Y,U,V) = {1+ (=1)/}R(Y)$(Y) +{N(V) = F(V) = (=1’ R(V)}¢(V) —
{N(U) - F(U) + R(U)}¢(U).

Proof: We have
1%
> o)== [ Ny + NE)V) - NU)H)
U<ly|<V v

e j=1. Wehave W >V and so Y = min(V, W) = V. According to theorem 1,
N(y) = F(y) — R(y)-

1 [V ky
> o) < UG- P+ R + 3 [ m(52) sty

U<v|<V
Vv
- / R (y)p(y)dy
U

because F'(y) = In (%e) +1=In (2—7’) Moreover,

14 14
- [ Rwstiy=—c: [ 2

e j=0. We have V > W. Take Y = max(U, W). Split the integral in Y. This
way, —¢'(y) < 0fory € [U,Y] and —¢'(y) = 0 for y € [Y, V]. Replacing N(y)
by F(y) — R(y) in the first part and by F(y) + R(y) in the second part, we

obtain
1Y ky / /
> o < 1 [ m(5 ¢(y>dy+/ R (y)(y)dy - /R
™ U 27T Y
U<v|<V
+Bo(Y,U, V).
Moreover,
/ R (y)o(y)dy < (— JC'/ ¢
and
Y
- /U R'(y)o(y)dy <

O

Theorem 3. Let k > 1 an integer, H > 1000 a real number. Assume GRH(k, H ).
Let xg a real, m a positive integer and § > 0 a real number such that 0 < § <
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(xo — 2)/(mxo) and Y defined as in lemma 5. We write

(5) i = /% m( )dw/qu
(6) By = Bo(Y,H, )

(7) O = o (m (’;_f)+1/m)

(8) Dy = (2021n(kH) 21)/Hm+1

Then for all x > xy, we have

@E%W(MZ) ﬁ| < A(m,a)@(A+BH+(éH+DH)/\/E)

+ (1 + m—5> e(k)E(H)/x + m; + R/x.

Proof: According to theorem 2:

(k) y af !
max WJ(y,k l) - _‘ < A(m76)
T 1<ysw o(k) ;pe% lp(p+1)--(p+m)
[v|>H
mé P~ m
1+ — —+R
(1) S X S
X PrEp(x)
|vI<H
We treat separately the different parts:
e By lemma 4,
xf-1 1
I e s EEID DM ) St ot
PEP(X) pLp P |v1=ZH |vI=ZH v
[vI>H PEP(X) PEP(X)
Let, for m > 0,
Ci(k
(9) W = i )exp(X/\/erl).

k
Using lemma 5 with U = H, V =00 and W = W,,,
Z ¢m(’7) <A+BH~

|v1ZH
PEP(X)

Integration by parts gives,

1
Z |yt <Ch+ Dy.

vz H
pEP(X)
e By lemma 2,
61
€T ~

L < B(H)/Va.
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2.5. Leading term:(fl). To have an upper bound of the leading term, we proceed
as ROSSER & SCHOENFELD with upper bounds on the integrals. The three next
lemmas are taken directly from [6].

Lemma 6 (Functions like Bessel’s ones). Let
1 oo
K, (z,u) = 5/ t"=HA (t)dt
where z > 0,u > 0 and

z
H*(t) = {H(1)}" = exp{—5(t +1/1)}.
Moreover we have that K, (z,0) = K, (z). Remember that

(10) Ki(2) < \/gexp(z) (1 + ;’—Z)
g exp(—2) (1 Fo %)

K,(z,2)+ K_,(z,2) = K,(2).
Hence K, (z,2) < K, (2) (v=0).

(11) Ks(?)

N

Lemma 7.

Lemma 8. Let
Qu(z,z) = 2" exp{—2(t + 1/t)/2}.
If z >0 and © > 1 then
Ki(z,z) < Q1(z,2)
and
KZ(Za‘T) < (I + 2/Z)Q1(Zv'r)
The leading term can be expressed with Bessel’s functions. Let X = \/lnﬁx,
2 = 2X /i = 2/ 22 and Uy, = 221 () = |/ fm i (241,

Lemma 9.

- 2Inx k m
A = }% (C’l(k)) K2(Zm7Um)

o <C§5rk)> \/gl:wi (Jk))m il Un)

120 Inz k m+1K ( U )
2 R(erl) Ol(k) 1Zm+1,Um+1)-

Proof: This is only straightforward algebraic manipulations; for example, we write

7 /°° Cs . < —Inz )dy
= X —_—.
w v P\ Rin(ky/CL(R) ) Ty

Changing variables:

_ [Rim+1) ky
b= Inz In <C’1(k)>
i = R(m +1) dy

Inz Y
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Now

—Ilnx > —Ilnz

ex — = = ex ——
p(Rln(ky/C1(k)) P Rt/ Blmt))

Inx

o (m+1)nzl o —Zmy1 1
= X - 7 = eXx -
P Rt P\l
and

1 AN (m+ 1)t Eo\™H Zm+1
—_— = — | = —t .
Yt (cm) P Rt ) (ca(k)) exp (=75

Inz

= /Uoo y R D <c§k>>mﬂ oo (5 +170)

2.6. Study of f(k) which appears in the expression of R. Remember that

Lemma 10. For an integer k > 1,

f(k) <

Proof: We prove by recursion that
Ink

f(k)<m~

For k = 1, it is obvious. For k =2, f(k) = 1 < 2. Assume f(k) < 2% holds for
k <n.

Find an upper bound for f(n + 1). If (n 4 1) is prime, then f(n+1) = 1/n <
Inn/In2. If (n + 1) is not prime, then there exists p < n, which divides n.
Ifp=2and 2* || n+1,

soen) = g (Tt ) =1 () )

Hence

O

Ik
In2°

20(
n+1 In(n+1) In2
< [ ——
1+f< 2&)\ m2 T2
In(n+1)
h In2

Ifp>2andp*||n+1,

fn+1) = f(n];:l -pa) :f(”pﬁl) + 1)

1 1 1
= —+f<n+ )gln(n—l—l)—l———lnp
p—1 pe p—1

|
—n(n +1) because
In2 p—1

—Inp <0 for p > 2.
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3. METHOD WITH m = 1.
Theorem 4. Let X = lnx , H > 1000, an integer k < H and
ko (k) (
Ci(k)vm
Assume GRH(k,H ). If ¢ < 0.588 and X > +/2In (C @) ) then

| (@ k1) —x/p(k) [< ex/@(k).

Proof: Choose m = 1. If W; < H then Y = H and By = (F(H) + R(H) —
N(H))¢p1(H). If Wi > H then Y = W;. For y > e°, R(y)/Iny is decreasing.

By o1 (V) < 2200 o, () mw,

2R(Y
A (o

_ zif? (% +in (Cllik)» (/1 (k)2 exp(—2v/2X)

j)From the two values of By, we need only to consider the above one assuming that

\/_hl(c (k))

Using the upper bounds (10) and (11) in lemma 9

- k [ 15 105 9
A < 2<—Cl(k)>{ Eexp( 2X)(1+—16X+512X2>X/ﬂ'

c—2 1+ 2 (15/16 + 1n(cl(k)/(27r)))> X3/% exp(—X).

2X

A

1. Ci(k) 3
—1 Xy — 2X) 14+ —=
L ix  oxp(=2%) (14 16X
kX I 3
+C exp(—2v2X (1 + 7)}
2 G va | tvax O ) 16v2X
1k 15 Cik)\ 17°
— X3/% exp(—2X) |1 In ~—| =F
o ep=2X) { * (16 T )ax !
Observe that (see next lemma)
S ~ ~ ~ .2
A4 By + (Cy+ Dy +3E(H))/Vz + RW < Fy.
We must choose § to minimize
A(1,0
%gp(k)ﬂ +0/2.
Write f = @(k)F;. We have a second degree equation which has one positive

solution § = f;rl/;, This yields e(z) < 4. It is a simple matter to prove that for
0< f<0.588,
V2
% <2y/f.
It is obvious that § satisfies hypothesis since

0<6<054<z/(x—2).
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Lemma 11.

. .- _ _ 2
A+BH+(CH+DH+3E(H))/\/E+RM < F.

Proof: First prove that A+ By < F,.

o WXS/%M (1+ (15/16 + In(C1 (k) /2m)) /X

+(225/1024+ D In(Cy(0)/20) + WG 2)/X?)

k o 15 105 o)\ (1 3

R xs2.2x (4 | 1 1

AN Tiex Trexe T\ o )\ X T iexe
km

C1(k)V2v2

b
A

+Cs exp(—2(vV2 - 1)X)(1/X + 3/(16\/§X2)>

By < X3/2 exp(—2X) exp(—2(vV2 + 1) X)

LA
VrCy (k)

x [%(@ n(kH) + C3) (

This yields F; — A — By > 0 if
1 (15 9. (Cik)\ 1, ,/(Ci(k)
X2 (1024 Tl ( o ) T Ton

Cy/Tk 1
> G exp(—2(v/2 — l)X)ﬁ

T 2 3 Ink + Cy/C: V2. Ci(k)
m(\/;+w>”<”T3) (”71“ k )]

Cok\/T 1
o) exp(—2(V2 — 1)X)ﬁ -18.2

since C; (k) < 327, X > +/21n(1000/327) and k < H.
It remains to prove that
Ci(k)
kCoy/7 - 18.2

\/% i ﬁ ln(C1(k)/k)>]

X

(15/1024 + ---) > X3/ 2 exp(—2(V2 — 1) X).

But for X > +2In (%)7

3/2 NG 32 [ KH e
X7?exp(—2(v2—-1)X) < X —
P22 DY) <Ol(k)>
3/2
11 [(V2C(k) In(kH/Ci (k)
R H
3/2 f
The map k — ﬁ (ﬁcl(k) lnISkH/Cl(k))) reaches its maximum for k = e3c}}(k).

Hence
X3 exp(—2(V2 - 1)X) < C;i—;f)(s\/i)?’/?/e?’/?.




ESTIMATES OF 0(z;k,l) FOR LARGE VALUES OF z. 11

We must compare

L L (3v2)P

Since Cy (k) = 9.14 and Cy = 0.9185, it remains to prove that

(3\/5)3/2

01843 >~

(= 0.002)
which is true since H > 1000. 3 B : 3

We show below that the rest (CH+DH)/\/5+3E(H))/\/_+RWQ(,€) is negligible.
e We will find an upper bound for A(1, 5)M(C~'H + D)+ So(k ) H) + R/x. We

assume that X > 2In (C (k)> and Cp(k) < 327 hence X > \/_ln(lzgg?) A
3.24885. We have

- - - - 2 i
Rest := Oy + Dy +3E(H))+ R/Vz < { (InHInk)* if k71

(In H)? ifk=1
kH

Let us treat the case k # 1. As X > V21n (Cl(k)>,

( X ) kH

exp
Vv2) " Ci(k)

This yields

InHlnk

Rest < (InHInk)? < &exp(X\/_)

()

2
< G (1“1000) exp(XV3)

1000
< 0.0653exp(XV2) because Cy (k) < 327.

Fix K = 0.0653. Now compare

K exp(XV2)

7 p(k)K exp(XV2 — RX?/2)

o(k)

with

¥ 3/4
X xp(—X).
Ci(k ¢ p( )

First remark that \/ 01 ON \/327}\/; We may compute ¢ such that

0.0653 exp(X V2 — RX?%/2) < X3/ exp(—

327r\/_

sc > Ky\/32n Wexp(X\/_ RX?/2 4+ X)X 3/4
Se > 7.1521-107%0

7

The rest is negligeable and absorbed by rounds. O
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4. METHOD WITH m = 2.

Corollary 1 (Corollary from lemma 5). Under the hypothesis of lemma 5, if more-
over 2% < U then

§
S o) < {1+ (—1)ig(n)} /U o(y) n(y/2m)dy + B;(Y,U,V)

U<ygV

where g(y) = (~1)' %k,

=

. (—1) B _1)i_Ca i ky
Proof: ( l)Jln(%) < ( 1)Jy1n(2’2‘—g) if 52 > 1. O

Lemma 12. Let A(m,0d) defined with formula (3). Write
Rn(0)=(1+ @1 +5)™™)™.

R (9)

Then A(m,d) < 5m

Proof: The proof appears in [4] p. 222. a

Theorem 5. Let an integer k > 1. Remember that R = 9.645908801. Let H >
1000. Assume GRH(k,H). Let Ci(k) defined as in theorem 1. Let Xy, X1, Xo et
X3 such that

eXo ko(k) eXt
\hX 2W0ﬂky X& @()
2kme
Xo = kC1(k)/(2mp(k Xg= ——.
2 1(k)/(2me(k)), X3 ACED
Let C = min(C4 (k), 327) and X4 = max(10, Xy, X1, X2, X3).

Write

e(X)=3 X2 exp(—X).

o(k)C

then for all real x such that X = w/lnﬁ > X4 we have

Wk, l) = a/e(b), |0k D) — a/p(k)| < o ( lnfx> .

Corollary 2. With the notations of theorem 5, let X5 > X4 and ¢ := ¢(X5). For
x > exp(RX?), we have

(s k, 1) —x/e(k)l,  |0(z; k1) —x/p(k)| < cx.

Proof: The idea: fix m = 2 and split judiciously the integral in 2 parts with
optimal bounds into each part.

Write T in the same form as W, (formula (9)). Let T = CIT(k) exp(rX). Assume
that T'> H and l/m < v <1. Hence W,, <T < Wy. We use the theorem 2
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and we split the sums in T

Am2 2 b (1 >Z ot

PER(X) P ©(x)
[v|>T YIST
mo mﬁ 1
- <”7>Z > o
X PEP(X) PEP(X)
[vI<H H<|v|<T
6-1
X
Am.8)y . D
= 50 1Ple 1) (p+-m)
[>T
mo ~ ~
first part
B—1 -1 B—1
~ €T X T
A=) = > >
PEP(X) |p| PEP(X) |p| PEL(X) |p|
[vI<T [vI<H H<|v|<T
< Ly el ¥ amei ¥4
PEP(X) PEP(X) PEB(X)
vI<H H<|~,\<T H<|y|<T
~ 1
< EH — —
(H)/Vz+ 5 EZH ||/f+ ;) do(y
Helvi<T H< |7 <T
- 1
< E(T —
(T)/Va+ 3 Z{) d0(7)
HL|I<T

Apply corollary 1 (j = 1,m =0)

S o) = {1/ — (V)} /H éo(y) In(y/2m)dy + By(T, H,T).

PEL(X)
HL|v|ST

Moreover, By (T, H,T) < 2R(T)¢o(T).
We want to find an upper bound of

e (o) [ ()

Write V" = X2/In (Cl(k)) = X/v =Y —2X — vX where Y = X(1 — )% /.
Write U” = X2/ In (Cl(k ) and I'(v,z) = [ e "u""'du. Now

fom(5e)emar = [ (52) et (it )0y
XHT (=2, V") —=T(=2,U")}
+X%In (C;—Sf)> {D(-1,V") =T'(-1,U")}
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by writing y = ClT(k)exp(XQ/y). Now if v < 1 and > 0 then I'(rv,z) <
a1 [* e tdt = x¥~e~". Hence

.
/ In (k—y) do(y)dy < X" eV 4 X%1In (C;( )> VeV

U 27 T

This yields

Lo< (1 +a(Y) XXV 3+1n(0;§f )w 2) V"
— 72 kT X4 2
< (Um—q(T))e Ve ¥ (c " ) ((X/V X/V) )
= (I/m—q(T))e Ve _2X< 1?; XGo

where d = In (%—?) and Gy = v?(v+d/X). With the help of corollary 1, we write

B+ { W+ aD)e e (G0 XGa + 2R(Ton(D)]}.

2nd part: Let

h= Y T
2 = .
o plp+1) - (p+m)
|vI>T

By lemma 4,

5 Z Pm (7) + \/_ Z Mmﬂ

PEL(X) PEP(X)
[>T [vI>T

By using corollary 1 (j = 0)

Z Om(y) <A{1/7+q(Y }/ Om(y ln ky )dy-l—BO(YToo).

PEP(X)
[>T
We choose? m = 2 and so
By(T,T,00) < 2R(T)p=2(T).

Moreover,

1
> e <Cr+Dr.

PEP(X)
|[v[>T

Let’s study more precisely

22, E\" 2md
/ ¢)7n 111(/4?3//277) 2m2 (Cl (k)) (KQ(Zma Um) + ZKI (Znu U’m))

2In fact, this choice of m is not needed at this stage, but as we’ll need it later, we perform it
now to simplify the writing.
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where d = In (2% and U,, = i—’: In (C]fa)) = vy/m = U'. Now, by writing

27
z = zpy, and using lemma 8§,
! 2dm !/ !/ !/
1+dm U’ B
< —2(U'+1/U")
m<y+ o )Z(U,Q_l)e ;

But —3(U" +1/U") = Xy/m(vym + 1/(vy/m)) = mvX + X/v = mvX 4+ (Y +
2X —vX), where Y = X(1 —v)?/v. Hence

2dm m g\ Y
Ky(z,U)+ —K (2,U') < GleT¥ ———X 172X
22 U) + — =K@ U) <Gie g3 X e  am
where G = m—*lz(UU,f_l) (1/ + 1:;%") = (2;213112 (V + %) because
m—1
eVX(m—l) — ( kT >
Ci(k)

and @ = 1X~1. This yields

/°°¢ () Inky/2mydy < G2 K _xo-axptnon)
T Y Y VS Cy (k)

Let Go = Rg‘—(é)(l + 7q(T)). So, by using lemma 12,

A )2 1 +a() [ 6 /21y <

(%)m (p(zk) {% (mkGﬁ;:(k) Xe_ZXT_(m_l)}

The results of the first and second parts yield

A(m,a)@([xl + Ay)
XGoe 2Xe Y (k) k G1 e 2 m
< o (Cl(k)>{m—1T ( )<5) —|—G0T}—|—r
because 1 +md/2 < R,,(§)/2™ < Ga/m, with
o= k)1 +mé/2)R(T)po(T) + A(m, 0)(k)R(T)$2(T)

k - . .
+ %((1 +md/2)E(T) + A(m,§)(Cr + Dr)/2).
Assume that G/G; is independent of v; the expression between braces can be
minimized for T = (G1/Go)Y/™ - 2. With this choice,

Gl _ _ 2 m m 1 1—1 2
T—(m=1) [ 2 T = /m /mz
m—1 (5) +Go m—lG1 Co ]

and we obtain
k) - - 1
g1 = A(m,é)%(/h + AQ) + imé <
2ko(k)

1
1 Xe2Xe—Y
mG?{ © Y Sm—1)rCi(k)

5 G}/’"Gé‘“mw} T
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The expression between braces can be minimized by choosing
_ v 2ke(k) 1/2 _
s=dqgl-tmgl/m —y X1/2,—-X
{ N L L0 ‘
Hence we write

and

2
(12) €1 < Ga (Gl 1/mG}/me*Y 2k¢(k)> Y T X12e=X 4
7701( ) vV — 1

Fix m = 2 to minimize the expression \/m— Is this choice for T suitable ? In the
first hand,

G\ 2rCy (k) o,
T=|=2= X T2eX
(Ga) Sy ‘

with Y = X(1 — v)?/v and in the second hand
k
T= CkE ) exp(rX).

This two equations are compatible if and only if there exists v such that f(v) =1
where

Cik)e(k) (G o (e axa-

_ Z\vP\v) [ 0 X (1-v)? /v —2X(1 1/).

f(V) 21k Gl © €

If 1/v/2 < v < 1, it’s easy to see that G; decreases when v increases. Hence, f(v )
is strictly increasing for v €]1/v/2,1]. Moreover,  lim  f(v) =0 and f(1) >

v=(1/V2)"
(for all X > 1). So there exists an unique v €]1/v/2,1] such that f(v) = 1. For
1/v2 < v < 1, we have (m = 2)
Gy _ Pv+d/X)P°

Gi 2yl;2—1(y+ 1;)3(1)

et g (G

H(v) = < (v+d/X)*%

Write

Let’s study H (vp).
H(w) <1 if 1/+d/X

. Cl ln(Cl(k)/Qw)
lentl | 1
equivalently 3 X n ( o k ) + X <
kC1 (k)
1
namely X > (k)

As

3
IOEELELYE:

o= (E8)" o (- (ALY 1)

) X exp(~X (1 - v)?/v) exp(~2X (1 - v)),



ESTIMATES OF 0(z;k,l) FOR LARGE VALUES OF z. 17

For X > kCy(k )/(27r<p(k)), f(w) <1 = f(v) and the equalities hold if 7" >
cl(k) exp(rpX) > Hy. Now ( ) exp(1pX) = 4/ 223(115;6) X=3InX et X, verifying

_1 ke (k)
Xo—11n X,

o—$inXo _ .
¢ 2w C1 (k)

Choose X > max(Xj, 10).
Assume that X > %. Hence vy is an increasing function of X, and since
C (k) < 327 then
Vo > 0.746 and vg < v < 1.

We want to evaluate

(13) K= Gg(\/ GoGle_Y)l/Q.
Vo 14 2d
GoG: < (1+d/X)2V§ — <u0+ 5% )
< 8.99

The next results are useful in some computations:

1.
ko(k) 1 XV ko (k
P\ x1/2 -X) < X1/2
mcan P 21 Cy (k
27rC (k)
< P
H
2.
4 ke(k) 1/2 ,—-X
= 2 -Y/2) | ——=X
) GoG1exp(=Y/2) 27Cr (K e
< 2V3/H
3.
Ry (0
Gy = Zg )(1 +7q(T)) < (1 +3.006 - 6/2)%(1 + mq(T)),
because
Ro(6) (14683 +1°
22 2
1 2
= {1+ 56(3+36+62)} < <1+ @5)
since 1+ 6 + 02/2 < 1.002;

4.

Cl(k) vo X _ 02
lg(T)] < ‘q( E *Clk(k)eyoxln(cé(k)euo)()

CQ G3 1/4 —Y/2 k@(k) 1 2 — H
< T/ @) - (cT?) e/ 27C1 (k )X/ */In (%)
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But S8 < (v+d/X)? < (1+1n(16)/10)2, exp(~Y/2) < 1 and H > 1000, this
yields

T+ In(16)/10 | ko(k) .,
1 T 1 X /2
Fma(l) < 1+ 1000/ (2m)) 27r01 exp(=

+ 7'&'02 + In16
In(1000/(27)) 10

So
K < V3G,

2
e In16 3.006 2v/3
1 1 el il
< \/§< iaooo/ ey VT 0 ) X( T 1000)

< 1.75126
Replacing this upper bound of K (see formula 13) in (12), we obtain

o < 2\/>K,/IZETEZ X2 exp(=X)) + 7

ko(k) 1/2
< 2.79461 Cl(k)X/ xp(—X)) +r

e Upper bound for (1 +md/2)R(T)¢o(T) and A(m, ) R(T)p2(T).
Remember that

R(T) = Cyln(kT)+ Cs,
Go(T) = exp (~X*/W(KT/Cy(R),
om(T) = ¢o(T)T™™.
Now 1 1 1 1
¢o(T) = T exp(—X?/(vX)) = T eXP(*;X) ST exp(—X)
and
1 i ko(k) ([ Go \'? [ Go\*
7= X e o <2M?Y> (G_(D
hence
RT)Go(r) < ZREDEC (o x)

T

_x [ke(k)
< X12,X C’l(k)

GO 1/2 GO 1/4 x

But
Gy < 1+ ln(Cl(k)/27r)’
X
g—(l) < 22-1<1 (m=2),
exp(Y) > 1,

In(kT) = vX+In(Ci(k)) <X +1In(Cy(k)) < X + In(327).
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So, since X > 10 and C4 (k) < 32,

(Cy In(KT) + Cs) (27(%)1/2 <@> v exp(—X)]

(p(k) (1 + ]?(;g;)) [CQ(X +In 3271') + 03]

< 0.933p(k) X exp(—X)
< 0.0933if X > X

An upper bound for ¢(k)(1+ §)R(T)po(T) is

(1+6)¢p(k)

1+1n16/10
2

N

exp(—X)

00933 - 1| 22Ky i x).

C1(k)
Next,
A(2,6)/T* =2 g—; <2
and
A BT)6(T) < T2 Br) (1),

An upper bound for A(2,8)R(T)¢p2(T)p(k) is

X172 exp(—X).

X2 exp(—X).
e Upper bound for Cr,Dr,E(T), R/x.
For f(k) = Zp‘k 5—7 observe that

Ink
< —.
f(k) < In2

We can rewrite explicitly for m = 2, H > 1000 and C;(k) < 327 the following
expressions:

3E(T) o

+2 <%ln (2%6) +021nk+6’3> )
Cr 5 1T2 (In (kT> +1/2),
(203 In(kT) + 2C3 + C2/3)/T?,
o(k)[(f(k)+0,5) Inz/x +4Ink/z + 13,4] /\/z

(InTvVInk)? for k#1
In*T for k=1

1 1 k
3(2—1n2T+ —In (—) InT + Cy
™ ™

o
\
Q‘b
S
N

w
=
=
VAN



20 PIERRE DUSART

Now find the value ¢ which satisfies

InT+vIn ko(k)\?
A8yt Y £ <e(g)  xewn-x)
with X = /&2
Rs(8) a )\ 2
But A(2,6) < =5~ and T' = (G—;) 5 S0
R3(9) 2 Go
< T

A(276) 2 Gl

Moreover, ﬁ = exp(—RX?/2) hence

o> B0 Coge g u T vinky? (Cl(k>>1/2x-1/2 exp(X — RX?/2).

2 G ke (k)
As g_? <1, T?= o ( ) exp(2rX) < ( ) exp(2X), hence we can choose
Ry (6 Ink Cqi(k © k 1/2 _
> T o tmicati i)+ 02 () Ty epex - R ),

But 2% < 1, E < 1 and Ry(6) < (1 + 3.0065/2)% with & < 22 < 243 We

cz

(1 4 30#%) C(k) (I G (k) + X)?/Cr (k) X 71/ exp(3X — RX?/2).

B~ =

Since C1(k) < 32w and X > 10, we can choose
¢ > 0.64286 - 1071,
For k = 1, we replace the upper bound 12—21“ < 1 by 1, to obtain the previous

computation. O

5. APPLICATION FOR k£ = 3

Now we are able to compute o and ¢ such that, for x > xg,
| 0(z;3,1) —x/2 |< cx/Inz.

This would not have been possible if we had used only the results of [3].
According to theorem 5,

_ 3 / 1/2
e(x) = 50, 92X exp(—X)
for k = 3.

Find Xy such that (H3 = 10000)

1 / 6
_ > — =~ 2136.51.
exp(Xo 5 In Xy) > 10000 5 90.09 36.5

X =~ 8.76 holds.
Find X; such that
exp(X; —In X7) > 20.
X1 ~ 4.5 holds.
Compute the two others bounds: X5 = 4.99, X3 =~ 1.22.
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e For \/% > 10, write X = /122 then
e(X)Inz = RX?e(X).
Find the value ¢ such that
e(X) < ¢/In(x).

For all z such that \/% > 10, ¢ < R-10%exp(10) < 0.12.

Olivier Ramaré has nicely computed some additional values:
we have

[0(x;3,1) —x/2| < c-xz/2

with
¢ = 0.0008464421 for lnxz >=400 (m = 3,0 = 0.00042325),
¢ = 0.0006048271 for Inz >= 500 (m = 3,5 = 0.00030250),
¢ = 0.0004190635 for lnz >= 600 (m = 2,0 = 0.00027950).

o For el00 < g < 964.59...

¢ < 0.0004190635 - 964.6/p(3) < 0.203.
o for e%00 Lz 600

¢ < 0.0008464421 - 600/ (3) < 0.254.

Using the computations of [3],
e For 10100 L g < %00

¢ < 0.001310 - RX?/p(3) < 1.264/2 < 0.632.
e For 10%0 < z € 1019
¢ < 0.001813-1001n10/4(3) < 0.42/2 < 0.21.
e For 1012 <z < 1030
¢ < 0.001951 - 301n10/¢(3) < 0.14/2 < 0.07.
e For 1010 < z € 1013
¢ < 0.002238 - 131n10/¢(3) < 0.067/2 < 0.00335.
e For 0 < z < 1010
| 0(z;3,1) — /2 |< 2.072y/z (Th. 5.2.1 of Ramaré & Rumely)
Theorem 6. Forz > 1,

x
; —x/2 262 —.
| 6(z;3,1) —x/2 1< 0.26 o

Remark: By using only results published in [2, 3], one obtains

| 0(2;3,1) — /2 |< 0.393% for = > 1.

21
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6. ResuLTs wiTH GRH(k,00).

With GRH(k,00), we obtain more precise results. Under this hypothesis, one
can show that function ¥ has the following asymptotic behaviour:

Proposition 1 ([8] p.294). Assume GRH(k,00). Then

Pl k1) = O(vzIn?z).

I

(k)

Theorem 7. Let x > 10'°. Let k be a positive integer. Assume GRH(k,00).
1) If k< 3Inw then

k1) — ——| < —vzhn’z
[WlaikD) — o5l < 7
2) If k < 432 then
x 11 9
. _ < —
[ (x5 K, 1) go(k)| < 3277\/51n x

Proof: Let 29 = 10'°. Apply theorem 2 in the same way as theorem 3 (Assume
that 7' > 1),

(k) z

z |¢(zak,l)*m|
—1/2
< o4 mé%;lppﬂ (p+m)]
+(1+md/2) ZZ +m6/2+R/x
x y<T

pli) g~ 1 mi o) §~ 1 mé R
< A( 76)\/£,§,| |m+1+(1+ Z)ﬁﬂKT‘p‘—’— 5 +x
< A28 Cr s D)+ 1+ AR By + B 4 Ry

Taking m = 1, we obtain

~ 1 kT
b - b (w(E)4)
DT = Ti (2C2 ln(kT) + 203 + 02/2)

E(T) = —12T+ 1H(k/(27T))1nT+02+2<11I1<2iﬂ_e>+021Hk'+03>
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Choose T' = 52;5) and § = \/—. So
R1(0), ~ ~ 240 kR1(0)
20 (Cr+Dr) = 47 In m3(2 +9) 1
m6(2+9) 2kR1(0)
W(Q@ In (5(2 =~ 0) +2C3 4+ C5/2)
- 246 [ o 2Ri(6) 2R;(0)
(1+46/2)E(T) = yp [ln (5(2+5) +2In(k/(27)) In 52+ 9)
+27Co + 4m % In(k/(2me)) + Calnk + C3>]
Hence
VT 2446 2z Ry(9) 2my/x Ry (6
— = In? . +21In In
o(k) Am lnx 249§ 27r Inx 2496
kv Ri(9) Inz 2446 Inz R
o (3 2+6'+¢f&w%m e R N
+2;5(1 +27Cy + 477( In(k/(2me)) + Colnk + C3)
with v )
B 2kmy/x R1(0
A—Cgh’l( I 2+5>+Cg+02/4
Let 6; = ;r\l/@ But R21J£§) 2+22i§52 =1+ 5;‘:55 <dy =1+ 2+61 because

x>x0andR(6)<1

Inx

Note that all terms of ¢(k) simplify except in () We can below it by 2. We

obtain an upper bound ¢’ for ey/z/¢(k). We will study the sum into brackets for
3<k< %ln T

1 2 2 27Td1 27Td1 4lnx 27Td1
o= 21 1 - Inzl 21 1
-] [4nx+n<1nx)+nzn<lnx>+ n(107r>n<lnx)
Inx

4lnz
+ln< Tom )hlm—i— Inx + In(4d, /5) + ﬁ(A)]

) +1/2+In(4lnz/(107)))

2mwd 41 2md 1
+1n2(1;1> +2ln( 181:>m<lz 1) +1In(4d, /5) + %(A)]

We conclude that

mdy

1
= [Z In?z + In 2(In ( o

/
1
lim A

a—too In?x 87

The bound ¢’ is an increasing function of k. Choose k = %ln z. Now &'ln’z is a
decreasing function of x bounded by 0.0777763 for x > xg. Moreover, by direct
computation for all k& between 1 and 432 of ey/z/(p(k)In?z), we find an upper
bound 0.1094. O
Remark: If we take k£ = 1 in theorem 7, our upper bound twice as bad than the
result of ROSSER & SCHOENFELD: for & > 73.2,

9(@) ~ 7] < -V
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These differences are explained by:

- an exact computation of zeros with v < D = 158 (the preponderant ones!) in the
sum ). ‘—;‘.

- a better knowledge of R(T) (k fixed, k = 1).

Corollary 3. Assume GRH(k,00). For all k used in lemma 2 and x > 224,

x 11 9
. I P .
[Y(x; K, 1) go(k)| < 3277\/5111 x

Proof: We use theorem 5.2.1 of [3]: for all k noted in lemma 2 and 224 < x < 1010,
k) — ——| <
plaikl) - s <VE

and /T < 312—;\/51112xf0rx>21. O

7. ESTIMATE OF m(x;3,1)

w(x; k,l) = Z 1

pPsT
p=lmodk

Definition 1. Let

be the number of primes smaller than x with an Fuclidean division’s rest equal to [
modulo k.

Our aim is to have bounds for 7(z;3,1). We show that

Theorem 8. Forl=1 or 2,
(i)- L < q(x;3,1) for x > 151,

2lnx

(ii)-  w(x;3,1) < 0.55¢= for x > 229869.

From this, we can deduce that

T
— <
Inz m(@)
because

m(x) = w(x;3,1) + m(x; 3, 2).

7.1. Higher bound. First we write the proof of theorem 8(ii).

Lemma 13. Let I, = [ ;% Then I, = %

a In™t T
(x —a)/In(z) < I, < (x — a)/In(a).

Theorem 9 (Ramaré & Rumely [3]). For 1 < x < 1019, for all k < 72, for all |
relatively prime with k,

— iz +nlyq1. Furthermore,

Y

: — —— < 2. .
max | 0(y;k, 1) (5 <2072V
Furthermore, for x > 10'° and k =3 or 4,
T x
0(x; k, 1) — —— < 0.002238 ——.
kD= S | o)
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Write first
O(xz; k1 0(xo; k, 1 CO(t; k1
(s b, 1) — (s by 1) = Dkl Boik D) / k1) gy
In(x) In(xg) 2o tIn°t
Choose z¢ = 10°.
Preliminary computations :
6(10%;3,1) = 49753.417198 - - - 7(10%;3,1) = 4784.
6(10°;3,2) = 49930.873458 - - - 7(10°;3,2) = 4807.

Put ¢o = 192238 and K = max;(7(10°,3,1) — 6(10%,3,1)/In(10%)) ~ 470.
e For 10?° < z,

G(xk l) 9(105'k l) /E 9(t~k l)
. _ 5. = ’ ! - : . : :
m(xz;k, 1) — m(10°; k, 1) In(z) In(10%) 105 tln%t at

T Ot k, 1 10 9t k. 1 VI Ot k, 1 T Ot k1
/ (’2’ )dtz/ (’42;)dt+/ (’—;)dt+/ (’2’ Jat
105 tIn“t 105 tin“t 1010 tIn“¢ vz tln"t
1010 1010 1010
0t k,1 dt dt
/ (’42’)& < M:1/<p(k)~/ o +2.072- -
105 tin“t 105 In“t 105 \/Eln t

/ﬁ 0(t:3.1) . VT — 1010

C
1010 tant 0 1112 1010

03,1 —
/ UL v
vz tln“t In* x
We compute M = 10381055.54 - - -. That way
x V=101 -z
13,0 < — 4+ K+M
m(x;3,0) Oy T T e < m21010 = %z

x 1020 — 100 In 1020
— K+M
© e (C°+< MR REETIT ) 1020>

< 0545—
Inx

e For 10!% < 2 < 10%°, we have 10° < /x < 1010,

10'° . x .
m(x;3,1) < K+/ e(t"?l)dwr/ Mdt

05 tln“t o0 tIn’t

T In Co Co
- — (K +M —10'° 1
e (co—l— ( + o 21010>+ln21010 nx)

< 0.5468—.
Inx

e For 10° < z < 1010

xT 1 T xr
0(t; k, l _/ dt 42072 dt2
105 tln t 2 105 111 t 105 \/Ehl t
1( =z 10° Toodt Todt
== - ——— + 2/ > +2.072 —_—
2 (anm In? 105 105 In® 105 Viln?t

b

NOWf \flnt:[fn\"’/ﬂ +4f \flnt

a
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Therefore

1 =z
2Inx

1 x 10° 9 Todt

"2 (m—mos* / ﬁ)

/105 T
+2072<2f 2V dt )

m(x;3,1) < + 2.072£ +K
Inx

In?z  In%10° 105 VEIin®t
< 055 forz=6-10°
Inx

7.2. Lower bound. Let KK = min;(m(10°,3,1) — 6(10°,3,1)/1In(10%)) ~ 462 and
1-0.002238
c = 0.498881 = —5===.
e For 1010 <«

m(z;3,1) > KK+M+/ o(t:k,0) .,
1

Inz o5 tln?t
<
Inx
because ot b1
KK >0 and / (’2’)dt>0.
105 tln t

e For 10° < = < 1010,

Lemma 14 (McCurley [2]). For x > 91807 and d = 0.49585, we have 6(x;3,1) >
dx.

Remark: This bound is better than the one given in th.9 for < 2.5 - 10,

wm&w>KK+“%&U+/ 0tk
1

Inz o5 tln%t
That way
0(x;3,1 o (s k, 1
w(x;3,1) > KKJrM-I-/ ( )dtf xo
Inx 105 tln

To ot 1
> i<d—|—<KK—&—/ <2) dt) nx1> for zg <o <11
Inx 105 tln“t T

Using the previous remark, we find
0t k1 odt
/ UL P if 10° < x < 2.5-10°

105 tln2t 105 ln t
and
2.5-10° x
dt t/2
> d —2+/ /—\/_dt if 2.5 - 105<x

105 In“ ¢t 05105 tln’t
i) X1
10° [ 2-10°
. . . 2-.10% | 3-107

We use this to make step by step computations with Maple: 3.107 | 3. 108 |

3-10% | 3-10°
3-10° 1010

We conclude that m(z;3,1) > 0.499:% for 10° < z < 10'°.
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7.3. Small Values. We now check whether 0.49888-* < 7(z;3,l) < 0.55-% for

Inx
x < 10°. It is sufficient to prove that

Inx

m(p;3,1) < 0552 for p=1Ilmod3
Inp

and if
0.49888 L < 7(p — 1;3,1) for p = I mod 3.
Inp

The higher value not satisfying the first inequality is p = 229849 and p = 151 for
the second one. Furthermore, m(229869;3,1) < 10241 < 0.55:223389 - ~ 10241.0075
and m(151;3,1) > 16 > 0. 49888II}§;1 ~ 15.01.

The conclusion is:

0.49888 " < m(z:3,1)

lnf,r x>151

0.55——.

T>229869 1 ne

Remark: we can’t show that 2/(2Inz) < 7(x; 3,1) by using formula 6(z) < ¢ z.
We have obtained other formulas (see theorem 6) which we will use below.

7.4. More precise lower bound of 7(z;3,l). Now we will write the proof of
theorem 8(i).
Classically,

dt.

. 1 5. x .
r(a:3,1) — w(10%3,7) = 3D 000%3.1) / 0(t;3,1)

In(z)  In(109) 105 tln%t

Now 60(t;3,1) > 6] (1 - %) with o = ¢(3) - 0.262 by use of theorem 6. So we
write

0(10%:3,1)

— mi 5. _
KK = rnlln(7r(10 :3,10) In(10°)

);

: KK+ — (1- — dt.
m(z;3,1) > J(x, «) - p(k)Inz ( 1nx) * o(k) /105 In?t

The derivative of J(x,«) with respect to = equals

1 (1—a/lnx a )
+ — .
o(k) Inz In° z

Moreover the derivative of m equals

L (L _ L)
g@(k/’) Inz 1n2 T ’
The inequality

1 <i 1 )< 1 (10¢/lnxJr a>
e(k) \Inz 1%z (k) Inx In® 2

holds if & — 1 < e/ Inx; This holds for all > 1. It remains to find a value z; such
that

_n
(k) lnxl'

For z1 = 10°, J(10°,0.524) ~ 4607.75 and 52os ~ 4342.94. We verify by com-
puter that the inequality holds for x < 10° and [ = 1 or 2. We conclude that

J(x1,0) >

T
: f 151.
e < 7(x;3,1) for x > 15
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