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Abstract
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1 Introduction

Let X be a set, Y be a topological vector space and Z be a Banach space, Y and Z being
ordered by closed convex cones K and M respectively. Let F/': X — Y and G: X — Z
be two mappings.

Consider the vector optimization problem
min F'(z)
subject to (P)
G(z) € —M.

It is well known that whenever Y = R and X is a linear space, if problem (P) is convex,
i.e. F'is convex and G is M-convex, one obtains the Lagrangian duality between (P) and
its Lagrange dual. If (P) is nonconvex, a nonzero duality gap appears. To derive duality

results for nonconvex problems there are three major ways to overcome this duality gap.

e The first one, with probably the largest number of contributions consists of assuming
generalized convexity conditions in order to prove duality for various duality schemes
based on Lagrangians : Lagrange, Wolfe, Mond-Weir ... schemes, see e.g. [4], [5], [6],
[11], [12], [15], [17], [19], [20].

e The second approach is based on defining general, perhaps abstract duality schemes,

e.g. [7], [14].

e The third possibility to improve nonconvex situations is to use augmented La-
grangians. Since these Lagrangians are often combinations of ordinary Lagrangians
and penalty functions, many mathematicians working in mathematical programming
have contributed numerous results both from the theoretic and the computational
point of view. We do not attempt to give a complete account here, but only to refer
the reader to some basic literature on the subject ; see for instance, [1], [2], [3], [9],

[10], [13], [16], [18], [21].



Most of these contributions are developed in the finite dimensional setting, while refer-
ences [9], [10] and [21] are devoted to problems in Hilbert spaces. Papers [9] and [10]
use usual quadratic augmented Lagrangians to analyze algorithms for local solutions. An
augmented Lagrangian containing multiplier terms built by orthogonal projections on
the ordering cone M was proposed in [21] to investigate duality and algorithms. All the
references on augmented Lagrangians cited above are related to for scalar optimization
problems. The authors of this note are unaware of results on vector optimization using
augmented Lagrangians, except the abstract ones in [7]. However many practical applica-
tions amount to considering vector optimization with a constraint space Z being a Banach

spaces illustrated by the following example.

Example : Consider a cooperative differential game

y(t) = o(t, y(t), z(t)), y(to) =0,
hk(y(tl)) = 07 gi(t7y(t)7 $(t)) < 0, te [thtl]v k= 17 Ty S, i = 1a e '67

t1
/ Vit y(t), z(t))dt — inf, j=1,--- m.
to

Assume that the Cauchy problem involving the first two equations have a unique solution
y(x)(+) for any admissible control x(-) € L2 [tg,t1]. Let X = L7 [to,t1],Y = R™, K =
R, Z = R* x C*[ty, 1]

Fia) = [ (e y(), o),

G(x) = (h(y(x)(tr), g(2)()),
M= {(hg)€Z| h=0, g(x)(t) >0, Vt € [to,t1] }.
Then the game reduces to problem (P).

The aim of this note is to consider duality for properly efficient solutions of Problem (P).
The main idea developed in order to achieve this goal is to build an augmented Lagrangian

using shifted penalty functions in terms of a kind of projection on the cone M.



2 Augmented Lagrangian

Throughout the note assume that the cone M is proximinal, i.e.,

for each z € Z, there exists 2 € M such that
J— M f— 1 —
|2 =27 = min [}z —m]]. (1)

Then we call 2™ a projection of z on M. Recall that (1) is equivalent to saying that z — 2

is Birkhoff orthogonal to the hyperplane supporting M at z. Here z is said to be Birkhoff
orthogonal to y if
[lzl] < [lz +~yl| for each v € R;

x is said to be orthogonal to a set A C Z if z is orthogonal to all a € A.

For convenience, set

_ * _ *
z— M= My M= M

Note that if Z is a Hilbert space, then 2 (2™, 27" respectively) is just the orthogonal
projection of z on M (M*, —M™, respectively), where

M* = {z*EZ*\ <z'm>2>0 VmEM},

and Z* is the topological dual of Z.

For a given z € Z, the point 2™ is not unique. However, for our consideration we can take

any projection of z on M for 2.

Some properties of projections needed in the sequel are collected in the next lemma.
Lemma 1 The following properties hold true :
(i) For z & M, 2™ € M is a projection of z on M if and only if p € —M* of norm one
exists such that

<M72_ZM>: HZ_ZMH? <u72M>: 0;

Mom M, (g =

(ii) One can choose appropriate projections so that (—z)" = —z
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(iii) ||z = max { ||2*]], |~

}7.

(i) ||z

= min { ||m|[ | m €M+ =2} ;
(v) ||(95+y—m)M*|| < ||93M*—|—yM*|| VeeZ VYyeZ, Vme M.

Proof - (i) By a theorem of Garkavi (e.g. [8], p. 76), 2™ is a projection of z if and only

if there exists u € Z* of norm one such that, for each m € M,

<pz—2M>= |z =M < M>><pm>.

Since M is a cone, the inequality is equivalent to u € —M* and < u, 2" > = 0.
(ii) is clear from the definitions.

(iii) Observe that

—M*

|E = e =Y =<pz—2M>=<p 2> < ||

On the other hand,

=l =M <lle = (=m)ll ¥Yme M.

IE

Taking m = 0 one obtains ||z || < ||2]|.
(iv)

10 = Il =2 = (=2)"]]

— ; DV
= min [[(—z —m)]]

= min |[|m]l.
meM+z

(v) Since
M4y =+ ()M +y+ () +m—mex+y+M—m,
in view of (iv) we have
(@ +y = m)™ || = min {|lm'[[|m’ € M +2+y—m}

< 2™+



and the proof is complete. m|

In the sequel we shall always assume that the dual quasi-interior of K*, i.e.
K*={ eY" | <A\y>>0 VyeK\(-K)},

is nonempty. Let us remark that K*® # () whenever K™ has an interior or more generally
when Y is Hausdorff and locally convex and K has a weakly compact base B, i.e,
K = U {)\b IA>0,beB } , where B is a convex set whose closure does not contain 0.
For instance, any closed pointed convex cone in finite dimension has a compact base. To
make use of scalar Lagrangians and to consider positively proper minima (p.p. minima,
for short) of (P) it is natural, for a given A € K*, to investigate together with (P) the

scalar problem (P,) :
min < A\, F'(z) > subject to G(z) € =M.  (P,)
At this point, we recall that a point y € V' C Z is said to be a p.p. minimum of V if there

is A € K®such that < A gyg><<\Ny> foreveryyelV.

In order to choose an appropriate augmented Lagrangian for (P), it is worthwile to observe
that z € —M if and only if 2™ = 0 (by the definition of 2" and Lemma 1 (iv)). So an

ordinary penalty functional for Problem (Py) is

2

8r.Q) = < A Fl@) > +5¢ |G

It is well known that shifted penalty functionals can be used. In terms of projection, such

a functional may be as follows :

2

P(.6,2) = <\ F(@) > 43¢ [Gla) - )"

Following the idea of the augmented Lagrangian in [21] we define the augmented La-

grangian for (P) as follows :

L0, 6,2) = <A F(x) > +50ll(G() - ™ |12 = Sdll=IP,
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with z € X, A € K*, ((,z) € Ry x Z. Note that the added term does not depend on
x, so ¥ and L are equivalent when minimized on x. Furthermore, if X is a linear space
L(-, A\, ¢, 2) is convex whenever (P) is convex. Recall that a mapping H : X — Y is said

to be K-convex if
H(l-a)rx+ay)e (1—a)H(x)+aH(y) — K

whenever x € X, y € X and «a lies in [0,1]. (P) is called convex if F'is K-convex and

G is M-convex. (The convexity of ||(G(-) — 2)™"

follows from Lemma 1 (v)). Then, the
attainable set of (P) is K-convex. In the case where Z is a Hilbert space, L takes a form

involving an explicit multiplier as follows. Let
(N F(x)) if G(zx)—ue—M,

+00 otherwise.

Then, by Lemma 1 (iv),

1 1
LiaAG2) = <AF)>+3¢ min | Ju= 2| = 3|2

1 1
= it { S+ 5Cllu— 2P - 5Cel) @

ue
= inf {f (z,u)+ <nu> +1C|]u\|2}
uezZ AT ’ 2
with the multiplier n := —(z.

Consider a perturbed problem (P, ,) from (Py) :

min < A\, F'(z) >, subject to G(z) —u € —M.  (Pr)

In the sequel we shall denote the optimal values of problems (Py) and (Py,) by py and
pa(u), respectively, while P will stand for the set of all p.p. minima of the closure of the

attainable set of (P). Then py(u) = 1£1)f< folz,u) and, by (2) (true if Z is a Banach space),

. . 1 2 1 2
inf L@ 0,¢,2) = inf {pa(u) + 5Cllu— 2l = SCll=IP }. (3)



3 Duality
We define the dual (D) of (P) as

maxy, (D)

where
W={yeY|MNeK* A2 eRy xZ Vo e X, <Ay>< L(x,1(2) }.
Observe that every (Pareto) maximum of (D) is also a positively proper maximum of (D).

Lemma 2

* 0 if G(z)e-—M,
sup  {CII(G@) = )™ = ¢z} =

(¢,2)ERy xZ
400 otherwise

and, when G(z) € —M, the supremum is attained at ((,0) V(€ R,.
Proof - If G(x) € =M, by Lemma 1 (v) and (iii) one has

1(G(z) — =)™

= llzll = 11(=2)*"

— [l —z|]] 0.

On the other hand, for z = 0,

i.e. the supremum is reached at (¢,0), ¥V ¢ € Ry, and is equal to 0.
If G(z) ¢ —M, one has

Taking (G, 2n) = (n,0) we obtain lim Go||G(2)M7] |2 = 400, establishing the proof. O

Thanks to Lemma 2, as any duality scheme using Lagrangians does, the weak duality

between (P) and (D) always holds as follows.



Proposition 1 For any feasible point x of (P) and any y € W of (D) we have

y & F(z) + K\(=K).

Proof - Since y € W, the exist A € K* and ((, z) € Ry x Z such that
<ANy>< Lx,\(z) VrxelX.

Hence, by Lemma 2, < A,y > < < A\, F(z) > for all feasible 2 and we are done. m]

Corollary 1 If, for a feasible &, F(z) € W, then F(Z) is both a p.p. minimum of (P)

and a p.p. mazimum of (D).

By virtue of Lemma 2, Problem (P)) can be rewritten as

inf sup  L(z, A\, (,2). (‘Px)

2€X (¢ 2)eR4 xZ

Its dual (defined similarly to (D) from (P)) is

sup inf L(z, A, 2). (Dy)
(¢,2)ERy x 2 T€X
If the optimal value d of (D,) satisfies dy = —oo, then the strong duality between (Py)

and (D,) means that py = —oo, which does not make any real sense. So it is natural to

assume the following hypothesis (boundedness from below) :

there exists ((,z) € Ry x Z such that 12)f( L(z, A\, (,2) > —00.

This assumption is equivalent to saying (cf.[16]) that there exists (¢,() € R x R, such

that for each u € Z we have,
R
7 5 llulP < pa(w) @

Indeed, if (4) holds, taking ( = ¢, =0 by (3) we see that

. e . 1”’ 2 ~
inf L(z,\,.¢,0) = inf { Pau) + {lull® } > 4.

zeX



Conversely, if there exist ((,%) € Ry x Z, ¢ € R such that

G < inf L(z,\,(,2),

zeX

then, again by (3),

Y
VAN

. 1~ 2 Lxioe
inf {pa(u) + 50 Il = 2P = 5127 )

IN

: L~ 2 1312y _ L a2
inf {pa(u) + Sl P+ 112117) = Sllell }
: Laioe
= inf {pa(w) + Clfull® }-
If (4) holds, we say that Problem (P,) satisfies the quadratic growth condition (q.g.c.).
Observation : dy, = —oo if and only if the q.g.c. is not satisfied for (Py).

The following theorem shows that the q.g.c. guarantees a classical outcome [16], nearby

to strong duality, for our scheme (P,) and (D,).
Theorem 1 (P,) satisfies the q.g.c. if and only if

—00 < dy = hgnﬂi(r)ﬂpﬂu) < pa(0) = pa. (5)

Proof - We have to prove only the "only if” part. Consider an arbitrary ¢ € IR such that
q < lim iglpr(u) and an £ > 0 small enough to have py(u) > ¢ if ||ul| <e.

For (g, ¢ ) in (4) one has, for all ¢ sufficiently large,
1 2 - Lz,
0~ Cllull? < G 3 Cllll? F ful] > =

Then
1
05l <p(w) Vuez

Hence
. 1 9
q < inf { pa(u) + 5C]lul }
Since ¢ is arbitrary, this implies
lim inf py(u) < inf { (u) + 1C||u||2} <d
u—0 PA T ueZ Px 2 =

10



The opposite inequality always holds (without (4)) as follows :

1 1
d _ inf - _ 2 - 2
v = supinf {(pa(u) + 5l — 2P = 5Clel P }

IN

sup inf
(¢,2) uezZ

{oaw) + 5clul? )

IN

o 1 9
Sléphgl_}glf {pa(u) + ¢l }

IA

sup lim 'glfp,\(u) = lim iglfp)\(u)
¢ U— u—

establishing the proof. O

To obtain a corresponding result for (P), similarly let D be the set of all p.p. maxima of

the closure of the attainable set of (D). We assume by assumption that :
P(u) # 0 for all u in a neighbourhood of 0.

Observe that

u) = inf <\y>.
pA( ) yEP(u) y

Let us define an inferior limit for a mapping A : Z == Y as follows. First, for B : Z —= R

we write
liminf B(u) := lim inf B(u).
minf Bu) 50 [Juf|<s )
Then, define
K*® — limi(?fA(u) = {y € limsup A(u) | 3N € K°,
uU— u—~0

< ANy > = limicr]lf <A\ A(u) > },

where the symbol ”limsup” means the superior limit of sets in the Painlevé-Kuratowski

sense :

limsup A(u) = () U A(u).

=0 e>0 ||ul|<e

11



Then

liminf py(u) = lim inf inf <A y>
mipfpa(u) = limy inf - Inf) <y

= lim inf <A\, P(u) >
50 |lufl<s

= limiglf <\, P(u) >

and

K*® — limiglfP(u) = {y € limsup P(u)|3IN € K°®, < \y> = limiglfp,\(u) } (6)

u—0
Ify € K*—lim i(l)’lf P(u), then for any A satisfying (6) (for this y) we say that y corresponds

to .

We define a kind of relaxed compactness as follows. A family A(u), u € U C Z, of sets in

Y is said to be K*®-compact at u = 0 if

for each A\ € K*, for each sequence {u,},en in U with limit 0, for each sequence {y, }nen
in clA(u,) such that < A, y,, > converges, there exists y € Y, and a subsequence {y,, }ren

converging to y as k goes to oo.

Of course, if A(-) is a multifunction continuous at v = 0 and each A(u) is relatively
compact, then the family {A(u) |lu € Z} is K*-compact at u = 0. This condition is

rather weak. However, there are non-K*-compact families as the example below shows.

1
Example s Let Y = R% K = { (y.0) [~ S e < }. Z=R.U = {0 > 1}u{0},
n
1 1 1 1
A(0)=1land A <—> = {(—,n) |n > 1}. Then, for A = (1,0), < A\, A (—) > = — tends
n n n n
to 0 but the sequence {<—, n)} has no convergent subsequence. So the family A(u)
n n>1
is not K*-compact at u = 0.

Since, for Problem (P), X is an arbitrary set and G is an arbitrary mapping, in order to
obtain for (P) a result corresponding to Theorem 1, it is essential to impose additionally
the K*-compactness at u = 0 of the family of the attainable sets of (P,), u € Z. Also,
seeking for duality results, we often assume the existence of solutions for the primal

problem.

12



Theorem 2 Assume that the family of the attainable sets of (Py,), u € Z, is K*-compact

at u = 0. Then the following assertions hold :

(i) If (P») satisfies the q.g.c. and if for all w in a neighbourhood of zero, there exists
y € P(u) corresponding to \, then the set of y € K*®* — lim in% P(u) corresponding

to X\ is nonempty and contained i D ;
(i1) If the assumptions in (i) are satisfied for all X\ € K*, then

¢ # K* —liminf P(u) C D C d(Y\(P + K\ - K).

Proof - (i) Suppose on the contrary that among all ¥y € Y such that < Ay >=
lim i(l)’lf pa(u) = dy there is no point of limsup P(u). Then, for each such an y, for ev-
u— u—0

ery sequence {uy fnen With u, € Z and lim w, = 0, there exists a neighbourhood ), of
n—oo

y, such that P(u,) NY, = ¢ for all large n.

On the other hand, there exists a sequence {u, }nen Wwith limit 0 such that nh_)rgo paluy,) =
dy. By the assumption on P(u,) one can choose y, in the closure of the attainable set of
(P, ) such that u, € P(u,) and < \,y, >= px(u,). Hence, the K*-compactness yields
the existence of ¥ € Y and a subsequence {y,, }ren such that kh_)rgo Yn, = Y. Clearly
< A,y > = dy. This contradicts the fact that all y,, & )j. Furthermore, it is obvious
that the mentioned set of y is contained in D.

(ii) follows from (i) and the weak duality. O

Now let us return to relations between (p,) and (d). Theorem 1 clearly has the following

consequence.

Theorem 3 Suppose that (Py) satisfies the q.g.c.. Then, dy = p,, i.e.
supinf L(x, A, (, z) = inf sup L(z, A, (, 2)
(S TG

if and only if (Py) is inf-stable in the sense that

lim inf py(u) > pa.
u—0

13



For our vector problems (P) and (D), then the following result is valid.

Theorem 4 Let all the assumptions in Theorem 2 be satisfied. Let, for each A € K°,
(Py) be inf-stable. Then
P C K*®*—lim infOP(u) c D.

Proof - Only the first inclusion has to be checked. Of course

P = P(0) C limsup P(u).

u—0

On the other hand
Pc{yeY|MeR", <\y>=p}.

Since p) = lim i(?f pa(u) for all A € K*, the conclusion follows immediately. O
In order to have a strong duality relations between p.p. minima of (P) and p.p. maxima

of (D) (not simply through their closures), using a traditional way (cf. [16], [21]), we must

add some extra conditions.

Problem (P,) is said to be locally stable of degree 2 if there exist ¢ > 0 and (¢, 2) € Ry x Z,

such that ||u|| < e implies
1- P I
px = 56 lJu =27+ SC 2] < paw). (7)

If (7) holds for all u € Z, (Py)) is called globally stable of degree 2 (we write for short

these two conditions as 1.s.2 and g.s.2, respectively).

Remark : 1.s.2 property is clearly stronger than the inf-stability (strictly stronger! ).
g.s.2 property is equivalent to the two conditions 1.s.2 and q.g.c. together. Indeed, the

g.s.2 property of course contains 1.s.2. It implies also the q.g.c. since, by (7),

1- 12
< L 22 A2
pr < inf(ale) + 5] lu— 2P = SC112IP)

= inf L(x, )\, 2).

rzeX
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Conversely, by the q.g.c. property (4) one can choose ¢’ > ¢ (¢ in 1.s.2 property) and large
enough such that for ¢ in 1.s.2. property,

1 :
pa() + SCNll® = pa i lul] = e

On the other hand

1 1-
£ (pale) + 5C1lP) = inf (pa) + 5 [ulf)

in
[Jull<e <e

1. 1
> inf (p,\(u)+§fHU—5H2—§CH§H2)

[lul|<e
> Da
So, for ( = (', 2z =0 and for all u € Z, (7) holds. O
Theorem 5 (i) If (Py) is g.s.2 and y € P corresponds to A, then y is a p.p. mazimum
of (D).
(ii) Conversely, if there is y € W belonging to the closure of the attaimable set of (P),
then, for any \ € K* corresponding to y (in the definition of W), (Py) is g.s.2.

Proof - (i) By (7) and (3) one has

_ . 1 =12 I 2
<Ay>=py < of (pa(w) + 5C [l — 2P~ SC1E)
= a}g)f( L(z, )\, ¢, 2).

Soy € W and < A,y >= d,, then y is a p.p. maximum of (D).

(ii) For the given y and A and for ({, Z) from the definition of y in W we have (by Lemma
2)

<Ay> < inf Lz, A (%)
< inf{ <A\ F(x)> | Gl)e-M}

= Px

15



Since y is in the mentioned closure, the inequalities must be equalities. Then, by (3), we

have (7) for each u € Z. O

Corollary 2 In order that the duality relation

inf sup L(z, A, (,2) = I(réazsc inf L(z, A, (, 2)
v (C:Z) i v

hold it is necessary and sufficient that (Py) be g.s.2.

Theorem 6 (i) If (z, )\, (, 2) is a saddle point of L(z, \, (, 2), i.e., for eachx € X, ((, 2) €

R, x Z, we have

L('faAaCaZ) <L('j:?5\7<72) SL(.T,)\7C72), (8)

are p.p. mazxima of (D).

(i) Conversely, if T is a p.p. minimizer of (P) corresponding to X € K* and (Py) is

g.8.2, then there exists ((,z) € Ry x Z such that (8) holds. (In fact (8) holds if and

only if all y satisfying (9) are p.p. mazima of (D).)

Proof - (i) Lemma 2 together with (8) imply that z is feasible and, for all feasible points

T,

(¢2)
> L(x, A, Z, Z)
> L(z,\(, 2)

16



Hence, L(z, \,(,2) = p; and Z is a p.p. minimizer of (P). Furthermore,
ds = irxlfL(x, NG E) =Lz, N\ 2) = ps.

By the weak duality d5 = L(Z, )\, (, 2), and (9) shows that such y belong to W and are
p.p. maxima of (D).

(ii) For the given Z, A, we have by (7)

<\NF(z)> = p3

< inf L(w .G %)
< L(z, M\ ¢, 2)
< supL(z,\, ¢, 2)
(¢:2)
= < \F(z)>.
This means that the inequalities are in fact equalities, and therefore (8) holds. m|

For strict converse duality results we need convexity conditions, as follows.

Theorem 7 Let K be pointed, (P) be conver and the attainable set V' of (P) be closed.
Let, for any A € K*®, (Py) be inf-stable and satisfy the q.g.c. Then, every p.p. mazximum

g of (D) is also a p.p. minimum of (P).

Proof - We claim first that y € V + K. Indeed, suppose the contrary. Then, since V + K
is closed and convex, g can be separated from V' + K by A\; € K*\{0}, and by Theorem

3 we have

<ALY> < inf <A >
LY yEVEK LY

= inf < )\1,y >
yev

= infsup L(z, A\, , 2)
TG

= supinf L(z, A, (, 2).
€2 *

17



(Note that Theorem 3 is still true for any A € K*\{0}, not only for A € K*.)

On the other hand, since y € W, Ay € K*® exists such that
<Ay ><inf < A,y >. (10)
yev
Hence, for A\, := (1 — @)\ + @)y € K* with any a € (0, 1),
<Ay > < inf < A,y > = supinf L(z, \,, (, 2).
yev 2 *
Consequently, one can find (¢, 2) € R, x Z such that

<Ay > < ir%fL(x,)\a,f,Z).

This yields to the existence of such a y' € W; that ¢ € § + K\{0}, contradicting the
maximality of §. Thus y € V 4+ K. Now suppose § ¢ V and y = yo + k with yo € V and
0 # k € K. Then, by the pointedness of K, < Ay, yp > < < Ao,y >. This contradiction

to (10) shows that y € V. N W. By Corollary 4 we are done. O

Example (Convexity is essential) : Let X = R, Y = Z = R? Take K = M = R?2,
G(x) =0, Fy(x) = z and

x if x>0,
R@)={ V=z if —-1<z<0,

— if < -—1.

Then, Problem (P) is unconstrained and easy to be solved. However using our augmented

Lagrangian the dual (D) can be still defined. A simple calculation shows that

rréinr(rclm)(L(x,)\,C,z) = r(rgla?rr%ﬂin L(z, )\, (,2)

0 if A >
-0 if AL < Ay

18



where (A1, A2) € K* = Int R2.
Elementary argument shows that all points of half-straightline AB and (0,0) are p.p.
minima of (P). p.p. maxima of (D) consist of all points of the half-straightline OB. So

the p.p.maxima of (D) on open interval OA are not p.p. minima of (P).

y2 A

F(X)
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